
ON STEADY AND EXPANDING RICCI SOLITONS WITH

ASYMPTOTIC SYMMETRIES

MICHAEL B. LAW

Abstract. We establish a symmetry principle for asymptotically cylindrical steady gradi-
ent Ricci solitons (GRSs) and asymptotically conical expanding GRSs with homogeneous

links. Using this, we show that the Bryant steady soliton is the unique asymptotically
cylindrical steady GRS that has a round spherical link and satisfies a particular quan-
titative rigidity condition. A similar characterization is proved for Bryant’s expanding
solitons. Finally, we establish a global symmetry result for GRSs which exhibit the
aforementioned asymptotics with quotient-Berger sphere asymptotic links.
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1. Introduction

Let (Mn, g) be a complete n-dimensional smooth Riemannian manifold, and let f : M → R
be a smooth function. The triple (Mn, g, f) is called a gradient Ricci soliton (GRS) if

Ric = ∇2f + λg,(1.1)

where λ determines the soliton type: shrinking (λ = 1
2 ), steady (λ = 0), or expanding

(λ = − 1
2 ). GRSs generate self-similar solutions of the Ricci flow and are fundamental to

the analysis of singularities. In particular, shrinking and steady GRSs are special instances
of ancient solutions, some of which are singularity models: blowup limits of Ricci flow on
compact manifolds at finite-time singularities. On the other hand, steady and expanding
GRSs are expected to play a key role in desingularization by geometric surgeries.

In dimension 3, all singularity models are ancient κ-solutions: non-flat, κ-noncollapsed
ancient solutions with bounded and nonnegative sectional curvature. The classification of
3-dimensional ancient κ-solutions was completed by Brendle [6] and Brendle–Daskalopoulos–
Sesum [7] in the noncompact and compact cases respectively. On the other hand, expanding
GRSs play a less prominent role in dimension 3, and a full classification remains open. For
more information on these developments, we refer to the books [16,18] and references therein.

In dimensions ≥ 4, ancient κ-solutions no longer model all finite-time singularities of
Ricci flow: singularity models only have nonnegative scalar curvature in general. A full
classification may therefore be unfeasible; indeed, even a classification of Einstein 4-manifolds
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remains distant. Recent developments in mean curvature flow (e.g. [13, 19]) suggest that
one should aim to only classify GRSs which are stable, since these are thought to govern
singularity formation and resolution for generic solutions to Ricci flow.

To date, most classification results for GRSs and ancient solutions take place on smooth
manifolds under assumptions on both asymptotic geometry and curvature; see for instance
[5, 8, 12, 14, 20, 23, 37]. Motivated by the discussion above, our goal here is to investigate
what remains true in the absence of curvature assumptions. Our results take place on
asymptotically cylindrical steady GRSs and asymptotically conical expanding GRSs, defined
below. For these GRSs, we will prove uniqueness and symmetry results without curvature
assumptions, in exchange for an analytical condition on the weighted Lichnerowicz Laplacian
(1.4). In accompanying work [30], we generalize our results to Ricci-flat ALE spaces, which
themselves form a class of steady GRSs, but are also of independent interest.

Definition 1.1. Let n ≥ 3. Let S = Sn−1/Γ be a spherical space form of dimension n− 1.
A steady GRS (Mn, g, f) is called asymptotically S-cylindrical if the following holds. Let Φt

be the flow of ∇f . Take an arbitrary sequence pm of points going to infinity and consider the
rescaled flows

ĝ(m)(t) = r−1
m Φ∗

rmtg,

with rmR(pm) = n−1
2 + o(1), where R(pm) is the scalar curvature at pm. We require that

the flows (M, ĝ(m)(t), pm) converge as m → ∞ (without passing to a subsequence) in the
Cheeger–Gromov sense to a family of shrinking cylinders (S × R, ḡ(t)), t ∈ (0, 1), where

ḡ(t) = (n− 2)(2− 2t)ḡ∞ + dz ⊗ dz,(1.2)

and ḡ∞ is a round metric on S with constant sectional curvature 1.

Definition 1.2. Let n ≥ 3, and let (S, ḡ∞) be a closed Riemannian manifold of dimension
n− 1. An expanding GRS (Mn, g, f) is called asymptotically (S, ḡ∞)-conical if there is a
compact set K ⊂ M , a radius R0 > 0, a diffeomorphism ϕ : (R0,∞)× S → M \K, and a
decay rate ε > 0 such that

|∇̄k(ϕ∗g − ḡ)|ḡ ≤ O(r−ε−k) as r → ∞ for all k ≥ 0,(1.3)

f(ϕ(r, θ)) =
r2

4
for all (r, θ) ∈ (R0,∞)× S,

where ḡ = dr2 + r2ḡ∞ is the conical metric on (R0,∞)× S.

Remark 1.3. • Brendle’s definition of asymptotic cylindricity [5] also requires that
Λ1

r ≤ R ≤ Λ2

r , where Λ1,Λ2 > 0 and r is the distance to a fixed point in M . It turns
out that Definition 1.1 implies this; see [23, Lemma 6.5] and [17, §3].

• In Definition 1.1, we require S to be a spherical space form and ḡ∞ to have constant
sectional curvature, but in Definition 1.2 we require neither.

For a symmetric 2-tensor h on a GRS (Mn, g, f) we define

Lh := ∆h+∇∇fh+ 2Rm(h),(1.4)

where Rm(h)ik = Rmijkl h
jl is the action of the curvature tensor. The operator L is formally

self-adjoint in the space L2(ef ) of symmetric 2-tensors satisfying
´
M

|h|2ef < ∞. Recall that
L appears in the second variation of Perelman’s ν-entropy, and Lh = 0 is the linearization
of the soliton equation (1.1) in a suitable gauge [11]. Accordingly, solutions of Lh = 0
correspond to infinitesimal deformations of (M, g, f) that preserve the soliton condition to
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first order. If the spectrum of L on L2(ef ) is strictly positive, then (M, g, f) is said to be
strictly stable. If kerL2(ef )(L) = {0}, then (M, g, f) is said to be rigid.

1.1. A symmetry principle. Our first result is the following symmetry principle. Given a
Riemannian manifold (M, g), denote by I(M, g) its isometry group. Recall that (M, g) is
Riemannian homogeneous if I(M, g) acts transitively.

Theorem 1.4. Let (Mn, g, f) be an asymptotically S-cylindrical steady GRS or an asymptot-
ically (S, ḡ∞)-conical expanding GRS. Suppose (S, ḡ∞) is Riemannian homogeneous. There
exists d ≥ 0 such that if dimkerL2(ef )(L) ≤ d, then there is a compact Lie group G of

dimension ≥ d̄− d which acts smoothly, effectively, isometrically, and with cohomogeneity
one on (M, g). The action preserves the level sets of f .

The proof uses a generalization of Brendle’s Killing field technique pioneered in [4,5]. This
technique forms the backbone of various uniqueness theorems in Ricci flow under positive
curvature assumptions [6, 8, 12, 14, 37]. In these works, positive curvature is shown to imply
rigidity, i.e. kerL2(ef )(L) = {0}, which then implies ‘maximal’ symmetry. Theorem 1.4
extends this, showing that without curvature assumptions, a dimension upper bound on
kerL2(ef )(L) implies a lower bound on the number of global symmetries.

Next, we refine Theorem 1.4 for certain choices of asymptotic links (S, ḡ∞), in particular
showing that all possibilities for G can be determined. This reduces (M, g) to a cohomogeneity
one manifold with metric governed by an ODE system. Ultimately, this leads to classification
and symmetry results for GRSs which we now describe.

1.2. Uniqueness of rotationally symmetric GRSs. If (S, ḡ∞) is a round sphere, a
refinement of Theorem 1.4 leads to the following result.

Theorem 1.5. Let (Mn, g, f) be an asymptotically Sn−1-cylindrical steady GRS of dimension
n ≥ 3. Suppose that

dimkerL2(ef )(L) ≤

{
n− 2 if n = 3 or n ≥ 5,

1 if n = 4.
(1.5)

Then (M, g, f) is diffeomorphic to Rn and rotationally symmetric, hence isometric to the
Bryant steady soliton [9].

Similarly, suppose (Mn, g, f) is an asymptotically (Sn−1, αḡ∞)-conical expanding GRS
with n ≥ 3 and α > 0, where ḡ∞ is the round metric on Sn−1 with sectional curvature 1. If
(1.5) holds, then (M, g, f) is diffeomorphic to Rn and rotationally symmetric, hence isometric
to the Bryant expanding GRS with cone angle α [9].

In the steady case, Brendle [4,5] established the same uniqueness under a positive sectional
curvature assumption instead of (1.5).1 His proof establishes that dimkerL2(L) = {0}, so
Theorem 1.5 generalizes his result. We note that Brendle’s result has also been generalized
to weaker curvature conditions [37] and on smooth orbifolds with positive sectional curvature
[22].

In the expanding case, Chodosh [12] proved the same uniqueness under a positive sectional
curvature assumption instead of (1.5), similarly to Brendle’s theorem. Positive sectional
curvature corresponds to α < 1. However, Theorem 1.5 also applies to some nonpositively
curved Bryant expanders (α ≥ 1), as Deruelle [24] showed that there exists ε > 0 such that
strict stability (and hence kerL2(ef ) = {0}) holds when α ∈ (0, 1 + ε).

1In dimension 3, these hypotheses are met for any non-flat, κ-noncollapsed steady GRS. Brendle’s result

in this setting resolved a major conjecture left open in Perelman’s first paper [34].
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The special bound for n = 4 in (1.5) arises from our proof strategy. In the course of the
proof, we establish that G in Theorem 1.4 is a closed subgroup of SO(n) with dimension at

least n(n−1)
2 − dimkerL2(ef )(L), but this does not imply G = SO(n) (and hence rotational

symmetry) unless the bound (1.5) is met.
It remains unknown whether (1.5) can be dropped; this is true in mean curvature flow for

the steady case, where the bowl soliton plays the role of the Bryant steady soliton [15,27].
Theorem 1.5 says that if a counterexample exists, then it must admit a multi-parameter
family of exponentially close steady GRSs at a linear level.

1.3. Global symmetries of GRSs with Berger-type asymptotic links. For m, k ≥ 1,
the principal U(1) Hopf fibration π : S2m+1 → CPm induces a free action of the cyclic
subgroup Zk ⊂ U(1) on S2m+1. Equip S2m+1 with a Berger metric g̃a,b for some a, b > 0,
that is

g̃a,b = a2σ ⊗ σ + b2π∗gFS

where σ is a 1-form dual to the Hopf fibers, and gFS is the Fubini–Study metric on CPm

with holomorphic sectional curvature 4. Then the action of Zk is isometric on (S2m+1, g̃a,b),
and the quotient is a lens space denoted by (Lm,k, ga,b). When a = b = κ, the metrics g̃a,b
and ga,b have constant sectional curvature κ−2.

Consider metrics on (0,∞)× Lm,k of the form

g = ds2 + ga(s),b(s),

where a and b are smooth positive functions on (0,∞). A computation (e.g. [2, Appendix
A]) shows that ((0,∞)× Lm,k, g, f) defines a GRS (1.1) with f = f(s) whenever (f, a, b) :
(0,∞) → R× (0,∞)2 solves the system

f ′′ = −a′′

a
− 2m

b′′

b
+ λ,(1.6)

a′′ = 2m

(
a3

b4
− a′b′

b

)
− a′f ′ + λa,(1.7)

b′′ =
2m+ 2

b
− 2

a2

b3
− a′b′

a
− (2m− 1)

(b′)2

b
− b′f ′ + λb.(1.8)

Moreover, if the following boundary conditions are satisfied:

(1.9) f(0) = 0, f ′(0) = 0, a(0) = 0, a′(0) = k, b(0) > 0, b′(0) = 0,

then ((0,∞) × Lm,k, g) is smoothly completed at s = 0 by inserting a central CPm. The
resulting GRS (M, g, f) lives on a complete (2m + 2)-dimensional Riemannian manifold
diffeomorphic to the total space of the complex line bundle OCPm(−k).

For each m, k ≥ 1 and α, β > 0, define the following classes of GRSs:

• As
m,k is the set of steady GRSs (M, g, f) defined by solutions (f, a, b) : (0,∞) →

R× (0,∞)2 of (1.6)–(1.9) with λ = 0 such that lims→∞
a(s)
b(s) = 1.

• Ae
m,k(α, β) is the set of expanding GRSs (M, g, f) defined by solutions (f, a, b) :

(0,∞) → R × (0,∞)2 of (1.6)–(1.9) with λ = − 1
2 such that lims→∞

a(s)
s = α and

lims→∞
b(s)
s = β.

Examples of GRSs in these classes include Appleton’s steady GRSs in As
m,k for each m ≥ 1

and k ≥ m+ 2 [2], which are asymptotically (Lm,k, ḡ∞)-cylindrical. Appleton conjectured
that there is exactly one soliton in each As

m,k up to scaling. For expanders, Feldman,

Ilmanen, and Knopf [26] proved the existence of a Kähler expanding GRS in Ae
m,k(p,

√
p)
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for each m ≥ 1, k ≥ m + 2, and p > 0, unique up to scaling. These complement Cao’s
Kähler expanding GRSs on Cn [10], for which a Brendle-type uniqueness theorem also
holds [14]. More recently, Donovan [25] constructed families of 4-dimensional expanders
in

⋃
α,β>0 Ae

1,k(α, β) for each k ≥ 1 which are generically non-Kähler and asymptotically

conical, and contain the examples of [10,26] as special cases.
In light of these constructions, we will establish the following symmetry reduction theorem,

which is an analog of Theorem 1.5 for Berger-type asymptotic links. The special bounds for
m = 1 and m = 3 are needed for similar reasons as above.

Theorem 1.6. Let (M2m+2, g, f) be an asymptotically (Lm,k, ḡ∞)-cylindrical steady GRS,
where m ≥ 1 and k ≥ 3. Suppose that

dimkerL2(ef )(L) ≤


2m− 1 if m = 2 or m ≥ 4,

2 if m = 3,

0 if m = 1.

(1.10)

Then (M, g, f) ∈ As
m,k.

Similarly, suppose (M2m+2, g, f) is an asymptotically (Lm,k, gα,β)-conical expanding GRS,
where m ≥ 1, k ≥ 3, and α, β > 0. If (1.10) holds, then (M, g, f) ∈ Ae

m,k(α, β).

A caveat of Theorem 1.6 is that we do not know whether the existing examples satisfy
(1.10), though a relevant analysis has been carried out for the much-related FIK shrinker
in dimension 4 [33]. We also refer to our other work [30] for an analog of Theorem 1.6 in
the setting of Ricci-flat Kähler ALE spaces, where it implies a genuine uniqueness result for
certain examples.

1.4. Structure of the paper. In §2, we collect known facts about asymptotically cylindrical
steady GRSs and asymptotically conical expanding GRSs. In §3, we prove Theorem 1.4 by
generalizing Brendle’s Killing field technique. In §4, we apply the results from the previous
sections to prove Theorem 1.5. In §5, we proceed along similar lines to prove Theorem 1.6.

Acknowledgements. We thank William Minicozzi and Tristan Ozuch for their insights and
continual support, as well as Shrey Aryan, Pak-Yeung Chan, Yonghwan Kim, and Yongjia
Zhang for inspiring discussions. We are grateful to Bennett Chow and Yuxing Deng for
noticing an error in a previous version of this paper. This work was partially supported by a
Croucher Scholarship and by a Simons Dissertation Fellowship in Mathematics.

2. Geometry of gradient Ricci solitons

This section collects known geometric properties of the spaces we study.

2.1. Asymptotically cylindrical steady GRSs. In this subsection, we assume (Mn, g, f)
is an asymptotically S-cylindrical steady GRS of dimension n ≥ 3 (see Definition 1.1). Recall
that the steady GRS equation is

Ric = ∇2f.(2.1)

Denote by R the scalar curvature of (M, g). Standard identities for steady GRSs give R ≥ 0
and R + |∇f |2 ≡ c ≥ 0, and if equality holds in either then Ric = 0. Clearly, asymptotically
S-cylindrical steady GRSs are not Ricci flat, so

R > 0
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and by scaling the metric we may arrange that c = 1; thus

R+ |∇f |2 = 1.(2.2)

Our convention for the Laplacian on any tensor is ∆ = −∇∗∇. The drift Laplacian ∆f on
tensors is defined by

∆f = ∆+∇∇f .

This is self-adjoint with respect to the weighted volume form efdvolg. Under the normalization
(2.2), one has the soliton identity

∆ff = 1.

Let r : M → R be the distance from a fixed point with respect to g.

Lemma 2.1 ([17, §2], also [3, Lemma 3.14]). We have f(x)
r(x) → 1 as r(x) → ∞.

In particular, f is proper and bounded from below. As (2.1) and (2.2) are invariant under
translating f , we will henceforth assume minM f = 1.

Lemma 2.2. For sufficiently large ρ > 0, we have ∇f ̸= 0 on {f ≥ ρ}. Hence, {f = ρ} is a
smooth hypersurface in M .

Proof. By [23, Lemma 6.5], asymptotic S-cylindricity implies that R = o(1) as r → ∞. Then
the claim follows from (2.2) and Lemma 2.1. □

Next, we state the roundness estimates on the level sets of f which were first established
by Brendle [5] and subsequently improved by Zhao–Zhu [37].

Proposition 2.3 ([37, Propositions 2.5 and 2.7]). Let {e1, . . . , en} be an orthonormal frame

such that en = ∇f
|∇f | . There exists δ > 0 such that on M , we have

fR =
n− 1

2
+O(r−

1
2−δ)

and

f Rmijkl =
1

2(n− 2)
(gik − ∂if∂kf)(gjl − ∂jf∂lf)

− 1

2(n− 2)
(gil − ∂if∂lf)(gjk − ∂jf∂kf) +O(r−

1
2−δ).

For the full proof of this result, see Propositions 2.1–2.5 in [5] followed by Section 2.1
of [37]. Once f and r are known to be comparable (as in Lemma 2.1), these proofs only
use asymptotic cylindricity and do not require any curvature hypotheses. They carry over
verbatim to asymptotically S-cylindrical steady GRSs.

Corollary 2.4. We have |∇kRm| ≤ O(r−1− k
2 ) for each k ≥ 0. Also, |∇f | ≤ O(1) and

|∇kf | ≤ O(r−
k
2 ) for each k ≥ 2.

Proof. The curvature bounds follow from Lemma 2.1, Proposition 2.3, and Shi’s estimates.
Combining this with (2.2) and the equation Ric = ∇2f , the bounds on f follow. □

Theorem 2.5. M has exactly one end.

Proof. This follows from [32, Corollary 1.1] since (M, g) clearly does not split off a line. □

Corollary 2.6. The hypersurfaces {f = ρ} are diffeomorphic to S for all large ρ.
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Proof. By Lemma 2.1 and Lemma 2.2, the level sets {f = ρ} are smooth hypersurfaces
bounding the end(s) of M . Then by Theorem 2.5, {f = ρ} is connected for all large ρ.

Take a sequence of points pm going to infinity, and let rm = f(pm), ĝ(m)(t) = r−1
m Φ∗

rmtg.
By [23, Lemma 6.5], the Ricci curvature of the level sets of f decays linearly in r. Then
by the Bonnet–Myers theorem, the g-diameter of {f = rm} is bounded by C

√
rm, so the

ĝ(m)(t)-diameter of {f = rm} is uniformly bounded over all m and over all t in a compact
interval within (0, 1).

By asymptotic S-cylindricity, the sequence (M, ĝ(m)(t), pm) converges in the Cheeger–
Gromov sense to a shrinking S-cylinder (1.2) for t ∈ (0, 1). Moreover, the vector fields√
rm∇f converge to the axial vector field ∂

∂z on S × R. Using this, and the assertions on

the ĝ(m)(t)-diameter of {f = rm} from the last paragraph, it is easy to see that {f = rm} is
diffeomorphic to S for all large m. □

By the above results, f is a coordinate on the end of M with level sets diffeomorphic to
S. Let Fρ : S → {f = ρ} ⊂ M be a one-parameter family of diffeomorphisms such that
∂
∂ρFρ = ∇f

|∇f |2 . Define Riemannian metrics gρ on S by gρ = F ∗
ρ g. Then the end of (M, g) is

isometric to (
I × S, df2

|∇f |2
+ gf

)
,(2.3)

where I is an interval of the form [ρ0,∞). Following [37, §2.2], we have the following
convergence and closeness bounds:

Lemma 2.7. There exists δ > 0 such that for each k ≥ 0, we have∥∥∥∥ 1

2(n− 2)ρ
gρ − ḡ∞

∥∥∥∥
Ck(S,ḡ∞)

≤ O(ρ−
1
2−

1
2 δ)

as ρ → ∞, where ḡ∞ is a metric on S with constant sectional curvature 1.

Thus, (M, g) opens up like a paraboloid, and has volume growth of order r
n+1
2 .

In what follows, given an asymptotically S-cylindrical steady GRS (Mn, g, f), we will
identify level sets {f = ρ} with (S, gρ) and the end of (M, g) with (2.3). The metric ḡ∞ is
understood to come from Lemma 2.7.

2.2. Asymptotically conical expanding GRSs. In this subsection, we assume (Mn, g, f)
is an asymptotically (S, ḡ∞)-conical expanding GRS (see Definition 1.2). Recall that the
expanding GRS equation is

Ric = ∇2f − 1

2
g.

Standard identities for expanding GRSs give

R+
n

2
≥ 0,(2.4)

R+ |∇f |2 = f + µ,(2.5)

∆ff = f +
n

2
+ µ,(2.6)

where µ ∈ R is a constant. We have the following analogs of the results from the last
subsection. The first one follows directly from the definition. Recall that r : M → R denotes
the distance from a fixed point with respect to g.



8 MICHAEL B. LAW

Lemma 2.8. We have f(x) ∼ r(x)2

4 as r(x) → ∞. For sufficiently large ρ > 0, we have
∇f ̸= 0 on {f ≥ ρ}. Hence, {f = ρ} is a smooth hypersurface diffeomorphic to S.

Lemma 2.9. We have |∇kRm| ≤ O(r−ε−k) and |∇kf | ≤ O(r2−k) for each k ≥ 0.

Proof. The bound on |∇kRm| follows from (1.3). Using (2.5) and the fact that f ∼ r2

4 ,

we have |∇f | = O(r). Also |∇2f | = |Ric + 1
2g| ≤ O(1). Finally, for each k ≥ 3, we have

|∇kf | = |∇k−2Ric| ≤ O(r−ε+2−k) ≤ O(r2−k). □

Lemma 2.10. For each sufficiently large ρ > 0, identify {f = ρ} with the Riemannian
manifold (S, gρ). Then for each k ≥ 0, we have∥∥∥∥ 1

4ρ
gρ − ḡ∞

∥∥∥∥
Ck(S,ḡ∞)

≤ O(ρ−ε).

3. Global symmetry principles

The goal of this section is to prove Theorem 1.4.

3.1. Killing fields on asymptotically cylindrical steady GRSs. In this subsection,
we fix an asymptotically S-cylindrical steady GRS (Mn, g, f). We first pull back Killing
fields from (S, ḡ∞) to obtain approximate Killing fields on (M, g). Given a Killing field Ū on
(S, ḡ∞), we will say that a vector field U on M extends Ū if its restriction to any sufficiently
far level set {f = ρ} ∼= S satisfies

U |{f=ρ} = Ū .

Proposition 3.1. Let Ū be a Killing field on (S, ḡ∞), and let U be a smooth vector field on
M which extends Ū . Then there is a smooth vector field W on M such that

∆fW = 0,

|∇k(W − U)| ≤ O(r−
k
2 ) for each k ≥ 0,

|∇kW | ≤ O(r
1
2−

k
2 ) for each k ≥ 0,

|LW g| ≤ O(r−
1
2 ).

Proof. From [37, Proposition 3.1] and its proof, we have the following estimates for some
δ > 0:

|LUg| ≤ O(r−
1
2−

1
2 δ),(3.1)

|∇kLUg| ≤ O(r−
k
2 ) for each k ≥ 1,(3.2)

|∇kU | ≤ O(r
1
2−

k
2 ) for each k ≥ 0,(3.3)

|∆fU | ≤ O(r−1− 1
4 δ).(3.4)

Combining (3.2) with the relation

div(LUg)−
1

2
∇(trLUg) = ∆U +Ric(U)(3.5)

yields

|∇k(∆U +Ric(U))| ≤ O(r−
1
2−

k
2 ) for each k ≥ 0.(3.6)
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Since [U, ∇f
|∇f |2 ] = 0 outside a compact set, we have

∇∇fU − Ric(U) = −[U,∇f ] = −U(|∇f |2) ∇f

|∇f |2
= ⟨U,∇R⟩ ∇f

|∇f |2

outside a compact set. By (3.3) and Corollary 2.4, this implies

|∇k(∇∇fU − Ric(U))| ≤ O(r−1− k
2 ) for each k ≥ 0.(3.7)

Adding (3.6) and (3.7) together, we get

|∇k∆fU | ≤ O(r−
1
2−

k
2 ) for each k ≥ 0.

Using this and (3.4) with standard interpolation inequalities gives

|∇k∆fU | ≤ O(r−1− k
2 ) for each k ≥ 0.

Using the estimate (3.4), it is proved in Lemma 3.2 and Theorem 3.3 in [37] that there exists
a solution V of

∆fV = −∆fU(3.8)

such that |V | ≤ O(1). Set W := U + V . Standard interior parabolic Schauder estimates

applied to (3.8) yields |∇kV | ≤ O(r−
k
2 ). Combining this with (3.1) and (3.3) gives the

claimed estimates. □

The main result of this subsection is Proposition 3.8, which upgrades some of the approxi-
mate Killing fields W from Proposition 3.1 to exact Killing fields. The key is to study a PDE
satisfied by the Lie derivative of W . We define the operator L on symmetric 2-tensors h by

Lh = ∆fh+ 2Rm(h),

where Rm(h)ik = Rmijkl h
jl. As Ric = ∇2f , one easily checks that

Lh = ∆Lh+ L∇fh,

where ∆L is the Lichnerowicz Laplacian defined by

∆Lhik = ∆hik + 2Rmijkl h
jl − Ricli hkl − Riclk hil.(3.9)

Brendle made the following crucial observations:

Theorem 3.2 ([4, §4]). Let W be a vector field satisfying ∆fW = 0. Then h = LW g
satisfies Lh = 0. In particular, taking W = ∇f gives LRic = 0.

We will prove strong decay estimates for solutions of Lh = 0, starting with a computation:

Lemma 3.3. For all sufficiently large ℓ > 0, there exists a compact set Kℓ ⊂ M such that
for all symmetric 2-tensors h on M satisfying Lh = 0, we have

∆f (f
ℓ|h|2) ≥ 0 on M \Kℓ.

Proof. Since Lh = 0, we have

∆f |h|2 = 2⟨∆fh, h⟩+ 2|∇h|2 = −4⟨Rm(h), h⟩+ 2|∇h|2.
Let ℓ > 0. Using this and the soliton identity ∆ff = 1, we get

∆f (f
ℓ|h|2) = (∆ff

ℓ)|h|2 + f ℓ∆f |h|2 + 2⟨∇f ℓ,∇|h|2⟩

=
(
ℓf ℓ−1 + ℓ(ℓ− 1)f ℓ−2|∇f |2

)
|h|2

+ f ℓ
(
2|∇h|2 − 4⟨Rm(h), h⟩

)
+ 2ℓf ℓ−1⟨∇f,∇|h|2⟩
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≥ ℓf ℓ−1|h|2 + ℓ(ℓ− 1)f ℓ−2|∇f |2|h|2 + 2f ℓ|∇h|2

− 4f ℓ|Rm||h|2 − 4ℓf ℓ−1|∇f ||h||∇|h||.(3.10)

By Proposition 2.3, we have

|Rm| ≤ Cf−1.

Moreover, by the absorbing inequality and Kato’s inequality, we have

2|∇f ||h||∇|h|| ≤ f

ℓ
|∇h|2 + ℓ

f
|∇f |2|h|2.

Using these facts in (3.10) gives

∆f (f
ℓ|h|2) ≥ (ℓ− C)f ℓ−1|h|2 − (ℓ+ ℓ2)f ℓ−2|∇f |2|h|2

= f ℓ−2|h|2
[
(ℓ− C)f − (ℓ+ ℓ2)|∇f |2

]
.

Since |∇f |2 ≤ 1, and f → +∞ at infinity, it follows that if ℓ > C, the right-hand side is
nonnegative outside a compact set of M . □

The next two results are due to Brendle and Zhao–Zhu, respectively.

Proposition 3.4 ([5, Lemma 4.1]). Consider the shrinking cylinder (S ×R, ḡ(t)), t ∈ (0, 1),
where ḡ(t) is given by (1.2). Let h̄(t), t ∈ (0, 1), be a one-parameter family of symmetric
2-tensors which solve the parabolic equation

∂

∂t
h̄(t) = ∆L,ḡ(t)h̄(t),

where ∆L,ḡ(t) is the Lichnerowicz Laplacian (see (3.9)). Moreover, suppose h̄(t) is invariant
under translations along the axis of the cylinder, and

|h̄(t)|ḡ(t) ≤ (1− t)−ℓ

for all t ∈ (0, 1
2 ] and some ℓ > 0. Then there exists N > 0 depending on ℓ such that

inf
λ∈R

sup
S×R

|h̄(t)− λRicḡ(t)|ḡ(t) ≤ N(1− t)
1

2(n−2)
− 1

2

for all t ∈ [ 12 , 1).

Proof. The proof of [5, Lemma 4.1] applies verbatim after replacing every occurrence of
(Sn−1, gSn−1) there with (S, ḡ∞). (The proof uses spectral properties of the Laplacian which
still hold on (S, ḡ∞).) □

Proposition 3.5 ([37, Theorem 4.3]). If Lh = 0 on M and |h| ≤ O(r−
1
2 ), then there exists

λ ∈ R such that |h− λRic| ≤ O(r−ℓ) for every ℓ > 0.

Proof sketch. Due to differences in organization, we will outline the proof, omitting steps
which can essentially be copied down from the original source.

Let h satisfy Lh = 0 and |h| ≤ O(r−
1
2 ). Consider the function

A(ρ) = inf
λ∈R

sup
{f=ρ}

|h− λRic|.

Let rm → ∞ be a sequence of numbers, and denote by λm the minimizing λ’s associated
with A(rm).
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By Theorem 3.2, we have L(h− λm Ric) = 0 for each m. Then by Lemma 3.3 and the
maximum principle, for each large ℓ > 0 there exists ρℓ > 0 such that for all m,

sup
{ρℓ≤f≤rm}

f ℓ|h− λm Ric|2 ≤ max

{
ρℓℓ sup

{f=ρℓ}
|h− λm Ric|2, rℓm sup

{f=rm}
|h− λm Ric|2

}
.

Taking square roots and redefining ρℓ appropriately, this becomes

(3.11) sup
{ρℓ≤f≤rm}

f ℓ|h− λm Ric | ≤ max

{
ρℓℓ sup

{f=ρℓ}
|h− λm Ric|, rℓm sup

{f=rm}
|h− λm Ric|

}
.

We divide into two cases:
Case 1: there exists ℓ > 0 and a subsequence of rm (still denoted rm) such that

ρℓℓ sup
{f=ρℓ}

|h− λm Ric| ≤ rℓm sup
{f=rm}

|h− λm Ric|.

This is Case 1 in the proof of [37, Theorem 4.3]. Following the argument there (which uses
Proposition 3.4), we see that the λm’s are all equal to a constant λ, and

h = λRic on {f ≥ ρℓ}.

This clearly implies |h− λRic| ≤ O(r−ℓ) for every ℓ > 0.
Case 2: for all ℓ > 0, there exists Rℓ > 0 such that for all rm > Rℓ,

ρℓℓ sup
{f=ρℓ}

|h− λm Ric| > rℓm sup
{f=rm}

|h− λm Ric|.

Then by (3.11), for each ℓ > 0, and for all m such that rm > Rℓ, one has

sup
{ρℓ≤f≤rm}

f ℓ|h− λm Ric| ≤ ρℓℓ sup
{f=ρℓ}

|h− λm Ric|.(3.12)

Following the arguments in Case 2 in the proof of [37, Theorem 4.3] (in particular Claim 4.4
there), we conclude that the sequence λm is uniformly bounded, so a subsequence of the λm

converges to some λ ∈ R. Fixing an arbitrary ℓ > 0 in (3.12) and taking m → ∞, we get

sup
{f≥ρℓ}

f ℓ|h− λRic| ≤ ρℓℓ sup
{f=ρℓ}

|h− λRic|.

Hence, for all ρ ≥ ρℓ,

sup
{f=ρ}

|h− λRic| ≤ ρℓℓ
ρℓ

sup
{f=ρℓ}

|h− λRic| ≤ Cℓρ
−ℓ

where Cℓ > 0 depends on ℓ. So |h− λRic| ≤ O(r−ℓ) for each ℓ > 0. □

Finally, we record a simple application of soliton identities and the maximum principle.

Lemma 3.6. Suppose u is a function such that ∆fu ≥ 0 outside a compact set and u → 0
at infinity. Then u ≤ Ce−f on M for some C > 0.

Proof. Recall that R ≥ 0 on any steady GRS. By this and (2.2),

∆fe
−f = −e−f∆ff + e−f |∇f |2 = e−f (−1 + |∇f |2) = −Re−f ≤ 0.

Choose ρ > 0 large so that ∆fu ≥ 0 on {f > ρ}. Choose C > 0 large so that u− Ce−f < 0
on {f = ρ}. We have

∆f (u− Ce−f ) ≥ 0 on {f > ρ},
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and u− Ce−f → 0 at infinity. It follows by the maximum principle that u− Ce−f ≤ 0 on
{f > ρ}. Suitably increasing C, the lemma follows. □

We can now prove exponential decay of solutions to Lh = 0 up to a multiple of the Ricci
tensor.

Lemma 3.7. If Lh = 0 on M and |h| ≤ O(r−
1
2 ), then h− λRic ∈ L2(ef ) for some λ ∈ R.

Proof. Let h be as in the lemma. By Proposition 3.5, we can find λ ∈ R such that h̃ = h−λRic
satisfies f ℓ|h̃|2 → 0 at infinity for all ℓ > 0. Moreover, Lh̃ = 0 by Theorem 3.2. By Lemma
3.3, it holds for each sufficiently large ℓ > 0 that

∆f (f
ℓ|h̃|2) ≥ 0 outside a compact set.

Then Lemma 3.6 gives f ℓ|h̃|2 ≤ O(e−f ) outside a compact set. Since f ∼ r and (M, g) has

volume growth of order r
n+1
2 , this implies h̃ ∈ L2(ef ). □

Now we find exact Killing fields on (M, g), following [4, Theorem 7.1]; the number of these
will depend on a dimension bound for kerL2(ef )(L). We let d̄ denote the dimension of the
space of Killing fields on the link (S, ḡ∞), equivalently the dimension of its isometry group.

Proposition 3.8. Suppose dimkerL2(ef )(L) ≤ d for some nonnegative integer d. Then there

exists a (d̄ − d)-dimensional vector space V of Killing fields on (M, g) such that for each
W ∈ V,

(a) [W,∇f ] = 0.
(b) ⟨W,∇f⟩ = 0, i.e. W is tangent to the level sets of f .
(c) W is a Killing field for (M, g) and for each sufficiently far level set of f .

(d) |∇kW | ≤ O(r
1
2−

k
2 ) for each k ≥ 0.

(e) There is a unique Killing field Ū on (S, ḡ∞) such that if U is a smooth vector field

on M which extends Ū , then |∇k(W − U)| ≤ O(r−
k
2 ) for each k ≥ 0. The map

V → I(S, ḡ∞), W 7→ Ū is linear and injective.

Proof. Let {Ūi}d̄i=1 be a basis for the space of Killing fields I(S, ḡ∞), and let {Ui}d̄i=1 be

smooth vector fields on M which extend Ūi. Proposition 3.1 gives vector fields {W̃i}d̄i=1 such
that

∆fW̃i = 0,

|∇k(W̃i − Ui)| ≤ O(r−
k
2 ) for each k ≥ 0,(3.13)

|∇kW̃i| ≤ O(r
1
2−

k
2 ) for each k ≥ 0,

|LW̃i
g| ≤ O(r−

1
2 ).

By Theorem 3.2, we have L(LW̃i
g) = 0 and L(L∇fg) = 0. Then Lemma 3.7 gives λi ∈ R

such that Wi := W̃i − λi∇f satisfy LWig ∈ kerL2(ef )(L). By the weighted Bochner formula
and Corollary 2.4, we see that

∆fWi = 0,

|∇k(Wi − Ui)| ≤ O(r−
k
2 ) for each k ≥ 0,(3.14)

|∇kWi| ≤ O(r
1
2−

k
2 ) for each k ≥ 0.(3.15)

Clearly, for each i, Ui is the unique vector field which satisfies (3.14) and is the extension of
a Killing field on (S, ḡ∞).
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We claim that the vector fields {Wi}d̄i=1 are linearly independent. To see this, fix a large ρ
and let πρ be the pointwise orthogonal projection of vector fields to the hypersurface {f = ρ}.
Then

πρ(Wi) = πρ(W̃i) = πρ(Ui) + πρ(W̃i − Ui) = Ūi + πρ(W̃i − Ui).(3.16)

Moreover, by (3.13) and Lemma 2.7, we have on {f = ρ} the estimate

sup
{f=ρ}

|πρ(W̃i − Ui)|2ḡ∞ ≤ C

ρ
sup

{f=ρ}
|πρ(W̃i − Ui)|2g = O(ρ−1).

Since Ūi are fixed and linearly independent on {f = ρ}, and this is an open condition

with respect to the C0(ḡ∞) topology, it follows from (3.16) that {πρ(Wi)}d̄i=1 is linearly

independent on {f = ρ} for all large ρ. Hence, {Wi}d̄i=1 is linearly independent on M , as
claimed.

Let V ′ = span{Wi}d̄i=1, so that dimV ′ = d̄ by the last paragraph. Define a map R : V ′ →
I(S, ḡ∞) by sending Wi to Ūi and extending linearly. This map is clearly injective. Also
define a map T : V ′ → kerL2(ef )(L) by W 7→ LW g.

The assumption dimkerL2(ef )(L) ≤ d implies dimker T ≥ d̄ − d. Let V = ker T . Then
every W ∈ V is a Killing field for (M, g). The general identity (3.5) gives ∆W +Ric(W ) = 0,
so [W,∇f ] = Ric(W )−∇∇fW = −∆fW = 0. Moreover, we have

∇2(LW f) = LW (∇2f) =
1

2
LWL∇fg =

1

2
L∇fLW g = 0,(3.17)

so the function LW f = ⟨W,∇f⟩ is constant. Since f attains a minimum by Lemma 2.1,
we conclude that ⟨W,∇f⟩ = 0 vanishes identically. Thus, we have proved (a), (b), and (c).
Part (d) follows from (3.15). Part (e) follows from the uniqueness part of (3.14), and by
restricting the map R : V ′ → I(S, ḡ∞) to V. □

3.2. Killing fields on asymptotically conical expanding GRSs. In this subsection, we
fix an asymptotically (S, ḡ∞)-conical expanding GRS (Mn, g, f). We will prove an analog of
Proposition 3.8 in this setting; see Proposition 3.17. The method of proof is essentially the
same.

First translate f upwards so that f + n
2 > 1 on M . Then (2.5) and (2.6) hold with a

smaller (perhaps negative) constant µ. The following is [12, Lemma 4.1]:

Lemma 3.9. Let ε ∈ (0, 1√
2
), and let Q be a vector field on M such that |Q| ≤ O(r−2ε). If

a vector field V satisfies (∆f − 1
2 )V = Q on {f ≤ ρ2}, then

sup
{f≤ρ2}

(
|V | −B

(
f +

n

2

)−ε
)

≤ max

{
sup

{f=ρ2}
|V | −B

(
ρ2 +

n

2

)−ε

, 0

}
for some B > 0 independent of ρ.

Proof. Using (2.4), (2.5), and (2.6), we compute(
∆f − 1

2

)(
f +

n

2

)−ε

= −ε
(
f +

n

2

)−ε−1

∆ff − 1

2

(
f +

n

2

)−ε

+ ε(ε+ 1)
(
f +

n

2

)−ε−2

|∇f |2

= −ε
(
f +

n

2

)−ε−1 (
f +

n

2
+ µ

)
− 1

2

(
f +

n

2

)−ε
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+ ε(ε+ 1)
(
f +

n

2

)−ε−2 (
f +

n

2
+ µ−R− n

2

)
=

(
f +

n

2

)−ε
(
−ε− 1

2
+

ε(ε+ 1)− εµ

f + n/2
+

ε(ε+ 1)µ

(f + n/2)2

)
− ε(ε+ 1)

(
R+

n

2

)(
f +

n

2

)−ε−2

< −1

4

(
f +

n

2

)−ε

,

where in the last line we took ε > 0 small. Hence, for large enough B > 0,

B

(
∆f − 1

2

)(
f +

n

2

)−ε

< −B

4

(
f +

n

2

)−ε

≤ −|Q|

on M . Also, as in [12, Lemma 4.1], we have (∆f − 1
2 )|V | ≥ −|Q|. Thus,(

∆f − 1

2

)(
|V | −B

(
f +

n

2

)−ε
)

≥ −|Q|+ |Q| = 0

on {f ≤ ρ2}. The assertion now follows from the maximum principle. □

The next proposition is [12, Proposition 4.2], the only difference being that we use interior
parabolic Schauder estimates rather than a gradient estimate to obtain decay estimates for
all derivatives of V . This is possible given our decay assumptions on Q.

Proposition 3.10. Let Q be a vector field on M such that |∇kQ| ≤ O(r−ε−1−k) for each
k ≥ 0. Then there exists a vector field V on M and δ > 0 satisfying (∆f − 1

2 )V = Q, with

|∇kV | ≤ O(r−δ−k) for each k ≥ 0.

We may now establish an analog of Proposition 3.1:

Proposition 3.11. Let Ū be a KF on (S, ḡ∞), and let U be a smooth vector field on M
which extends Ū . Then there is a smooth vector field W on M such that

∆fW − 1

2
W = 0,

|∇k(W − U)| ≤ O(r−δ−k) for each k ≥ 0,

|∇kW | ≤ O(r1−k) for each k ≥ 0,

|LW g| ≤ O(r−δ),

for some δ > 0.

Proof. Since (M, g) is asymptotically conical, we have

|∇kU | ≤ O(r1−k) for each k ≥ 0.

Since LUg = −LU (ϕ∗ḡ − g) = ∇U ∗ (ϕ∗ḡ − g) + U ∗ ∇(ϕ∗ḡ − g), this implies by (1.3) that

|∇kLUg| ≤ O(r−ε−k) for each k ≥ 0.

Using the general identity (3.5), it follows that

|∇k(∆U +Ric(U))| ≤ C|∇k+1LUg| ≤ O(r−ε−1−k) for each k ≥ 0.(3.18)

Since [U, ∇f
|∇f |2 ] = 0 outside a compact set, and we have (2.5), it follows that

∇∇fU − Ric(U)− 1

2
U = −[U,∇f ] = −U(|∇f |2) ∇f

|∇f |2
= ⟨U,∇R⟩ ∇f

|∇f |2
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outside a compact set. This implies

|∇k(∇∇fU − Ric(U)− 1

2
U)| ≤ O(r−ε−1−k) for all k ≥ 0.

Adding this to (3.18) gives

|∇k(∆fU − 1

2
U)| ≤ O(r−ε−1−k).

By Proposition 3.10, there exists a vector field V satisfying

∆fV − 1

2
V = −∆fU +

1

2
U

on M , with |∇kV | ≤ O(r−δ−k) for each k. Setting W := U + V , we are done. □

Theorem 3.12 ([12, Proposition 3.1]). Let W be a vector field satisfying ∆fW − 1
2W = 0.

Then h = LW g satisfies Lh = 0.

As in the previous subsection, we will prove strong decay estimates for solutions of Lh = 0.
This occupies the next four lemmas.

Lemma 3.13. For each ℓ > 0, there exists a compact set Kℓ ⊂ M such that for all symmetric
2-tensors h on M satisfying Lh = 0, we have

∆f (f
ℓ|h|2) ≥ 0 on M \Kℓ.

Proof. Since Lh = 0, we have

∆f |h|2 = −4⟨Rm(h), h⟩+ 2|∇h|2.

Let ℓ > 0. Mimicking the computation (3.10) but using expander identities, we get

∆f (f
ℓ|h|2) ≥ ℓf ℓ|h|2 +

(
µ+

n

2

)
ℓf ℓ−1|h|2 + ℓ(ℓ− 1)f ℓ−2|∇f |2|h|2 + 2f ℓ|∇h|2

− 4f ℓ|Rm||h|2 − 4ℓf ℓ−1|∇f ||h||∇|h||.(3.19)

By Lemma 2.9, we have

|Rm| ≤ Cf−1, |∇f |2 ≤ Cf.(3.20)

Moreover, by the absorbing inequality and Kato’s inequality, we have

2|∇f ||h||∇|h|| ≤ f

ℓ
|∇h|2 + ℓ

f
|∇f |2|h|2.

Using these facts in (3.19) gives

∆f (f
ℓ|h|2) ≥ ℓf ℓ|h|2 +

((
µ+

n

2

)
ℓ− C − (ℓ+ ℓ2)C

)
f ℓ−1|h|2.

Since f → +∞ at infinity, this is nonnegative outside a compact set of M . □

Lemma 3.14. For each ε ∈ (0, 1), there exists a compact set Kε ⊂ M such that for all
symmetric 2-tensors h on M satisfying Lh = 0, we have

∆f (e
εf |h|2) ≥ 0 on M \Kε.
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Proof. Compute

∆f (e
εf |h|2) = (εeεf∆ff + ε2eεf |∇f |2)|h|2

+ eεf (2|∇h|2 − 4⟨Rm(h), h⟩) + 2εeεf ⟨∇f,∇|h|2⟩

≥ eεf |h|2
(
ε
(
f + µ+

n

2

)
+ ε2|∇f |2

)
+ 2eεf |∇h|2

− 4eεf |Rm||h|2 − 4εeεf |∇f ||h||∇|h||.(3.21)

By the absorbing inequality and Kato’s inequality, we have

2|∇f ||h||∇|h|| ≤ ε−1|∇h|2 + ε|∇f |2|h|2.

Using this and (3.20) in (3.21), we obtain

∆f (e
εf |h|2) ≥ eεf |h|2

(
ε
(
f + µ+

n

2

)
− ε2|∇f |2 − Cf−1

)
= eεf |h|2

(
(ε− ε2)f + ε

(
µ+

n

2

)
− ε2(µ−R)− Cf−1

)
.

If ε ∈ (0, 1), then this is nonnegative outside a compact set of M . □

Lemma 3.15. Suppose u is a function such that ∆fu ≥ 0 outside a compact set and u → 0
at infinity. Then u ≤ Ce−f on M for some C > 0.

Proof. The proof is the same as Lemma 3.6, except that we use the estimate

∆fe
−f = e−f (−∆ff + |∇f |2) = −e−f∆f = −e−f

(
R+

n

2

)
≤ 0,

since R+ n
2 ≥ 0 on an expanding GRS. □

Lemma 3.16. If Lh = 0 on M and |h| ≤ O(r−δ) for some δ > 0, then h ∈ L2(ef ).

Proof. Let ℓ < δ, so that f ℓ|h|2 → 0 at infinity. By Lemma 3.13, we have

∆f (f
ℓ|h|2) ≥ 0 outside a compact set.

Then Lemma 3.15 gives f ℓ|h|2 ≤ O(e−f ). Hence, e
1
2 f |h|2 → 0 at infinity. By Lemma 3.14,

we have

∆f (e
1
2 f |h|2) ≥ 0 outside a compact set.

Then Lemma 3.15 gives |h|2 ≤ O(e−
3
2 f ). This implies

´
M

|h|2ef < ∞ since (M, g) is
asymptotically conical. □

We can now prove an analog of Proposition 3.8. As before, d̄ denotes the dimension of
the space of Killing fields on (S, ḡ∞).

Proposition 3.17. Suppose dimkerL2(ef )(L) ≤ d for some nonnegative integer d. Then

there exists a (d̄ − d)-dimensional vector space V of Killing fields on (M, g) such that for
each W ∈ V,

(a) [W,∇f ] = 0.
(b) ⟨W,∇f⟩ = 0, i.e. W is tangent to the level sets of f .
(c) W is a Killing field for (M, g) and for each sufficiently far level set of f .
(d) |∇kW | ≤ O(r1−k) for each k ≥ 0.
(e) There is a unique Killing field Ū on (S, ḡ∞) such that if U is a smooth vector field

on M which extends Ū , then |∇k(W − U)| ≤ O(r−δ−k) for each k ≥ 0. The map
V → I(S, ḡ∞), W 7→ Ū is linear and injective.
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Proof. The proof is essentially identical to that of Proposition 3.8, after making the following
substitutions: Proposition 3.1 7→ Proposition 3.11, Theorem 3.2 7→ Theorem 3.12, Lemma
3.7 7→ Lemma 3.16, and Lemma 2.7 7→ Lemma 2.10. □

3.3. Integrating Killing fields to global symmetries. In this subsection, (Mn, g, f) is
either an asymptotically an S-cylindrical steady GRS or an asymptotically (S, ḡ∞)-conical
expanding GRS. We also assume that (S, ḡ∞) is homogeneous, meaning its isometry group
acts transitively. (In the steady case, ḡ∞ is understood to be the round metric on S of
sectional curvature 1.) Our goal here is to use the results from the last two subsections to
prove Theorem 1.4.

Let I(M, g) be the isometry group of (M, g) and I0(M, g) its identity component. These
are finite-dimensional Lie groups by the Myers–Steenrod theorem. Its Lie algebra I(M, g) is
the space of Killing fields.

Let Vρ be the restriction of vector fields in V to the level set {f = ρ}. These are Killing
fields on (S, gρ) by Proposition 3.8. Let g be the Lie subalgebra of I(M, g) generated by
V, and let G be the unique connected Lie subgroup of I0(M, g) generated by g. We define
gρ ⊆ I(S, gρ) and Gρ ⊆ I0(S, gρ) analogously.

Corollary 3.18. For any X ∈ g, we have [X,∇f ] = 0 and ⟨X,∇f⟩ = 0.

Proof. That [X,∇f ] = 0 follows from Proposition 3.8(a) or Proposition 3.17(a), and the
Jacobi identity. Reasoning as in (3.17) gives ⟨X,∇f⟩ = 0. □

For a vector fieldX onM , let ΦX
M be its time 1 flow. If (M, g) is complete andX ∈ I(M, g),

then ΦX
M ∈ I0(M, g).

Lemma 3.19. (a) The restriction map V → Vρ is a linear isomorphism.
(b) The restriction map g → gρ is a Lie algebra isomorphism.
(c) If Gρ is closed in I(S, gρ), then G is a compact Lie group acting smoothly and

isometrically on (M, g), and the restriction map G → Gρ is a Lie group isomorphism.

Proof. Clearly, V → Vρ defines a surjective linear map. For injectivity, suppose X,Y ∈
V agree on {f = ρ}. Then for any point x ∈ {f = ρ}, we have X(x) = Y (x) and
(∇X)|Tx{f=ρ} = (∇Y )|Tx{f=ρ}. At x, we also have

∇∇fX −∇∇fY = (Ric(X)− [X,∇f ])− (Ric(Y )− [Y,∇f ]) = Ric(X)− Ric(Y ) = 0.

Therefore, X = Y and ∇X = ∇Y at x. Since X and Y are Killing fields for (M, g), this
implies X = Y everywhere. Thus, (a) is proved. (b) is proved the same way.

If Gρ is closed in I(S, gρ), then since I(S, gρ) is compact, so is Gρ. Therefore, its

exponential map is surjective, i.e. Gρ = Φ
gρ

S . Below, we use this to deduce that Φg
M is a

subgroup of I0(M, g), so G = Φg
M from the very definition of G. Then the restriction map

G → Gρ is the obvious map Φg
M → Φ

gρ

S which is a group isomorphism. We use this to pull
back the smooth structure to G, and it is easily checked that the usual action G×M → M
is smooth and isometric. This proves (c).

Let X,Y ∈ g. Let Xρ, Yρ ∈ gρ be their restrictions to {f = ρ}. Since Gρ = Φ
gρ

S , there

exists Zρ ∈ gρ such that Φ
Xρ

S ◦ ΦYρ

S = Φ
Zρ

S , and from part (b), Zρ is the restriction of some
Z ∈ g. Thus for all x ∈ {f = ρ},

(ΦX
M ◦ ΦY

M )(x) = (Φ
Xρ

S ◦ ΦYρ

S )(x) = Φ
Zρ

S (x) = ΦZ
M (x)

and by similar reasoning, Dx(Φ
X
M ◦ ΦY

M )|Tx{f=ρ} = DxΦ
Z
M |Tx{f=ρ}. As before we use

Corollary 3.18 to get Dx(Φ
X
M ◦ ΦY

M )(∇f) = Dx(Φ
Z
M )(∇f) = ∇f . Hence ΦX

M ◦ ΦY
M = ΦZ

M
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everywhere on M . So Φg
M is closed under composition. The other group properties are easy

to check. □

Next, we will make use of the assumption that (S, ḡ∞) is homogeneous. This implies that
its space of Killing fields I(S, ḡ∞) spans the tangent space at each point. We define the
following quantities:

Definition 3.20. Define d1(S, ḡ∞) ≥ 0 to be the largest number d such that

• Any Lie subalgebra of I(S, ḡ∞) with dimension ≥ d̄− d spans the tangent space to S
at every point.

Given d′ ≥ 0, we also define d2(S, d′) ≥ 0 to be the largest number d such that

• If g is a homogeneous metric on S with dim I(S, g) ≥ d̄− d′, then any Lie subalgebra
of I(S, g) with dimension ≥ d̄− d generates a closed Lie subgroup of I(S, g).

Lemma 3.21. If dimkerL2(ef )(L) ≤ d1(S, ḡ∞), then gρ spans the tangent space to {f = ρ}
at every point for all sufficiently large ρ.

Proof. We prove the result for asymptotically S-cylindrical steady GRS. For asymptoti-
cally (S, ḡ∞)-conical expanding GRS, we simply substitute Propositions 3.1 and 3.8 with
Propositions 3.11 and 3.17 respsectively.

Proposition 3.8 gives a (d̄ − d1(S, ḡ∞))-dimensional space V of Killing fields on (M, g).
Take a basis {Wi}i=1,...,d̄−d1(S,ḡ∞) for V, let Ūi be the corresponding vector fields from

Proposition 3.8(e), and let Ui be arbitrary extensions thereof. Since Wi 7→ Ūi is linear and
injective, it follows that Ui are linearly independent.

Write Xi = Wi − Ui. From Proposition 3.1 and Proposition 3.8, we have

|∇kWi| ≤ O(r
1
2−

k
2 ), |∇kXi| ≤ O(r−

k
2 ), |∇kUi| ≤ O(r

1
2−

k
2 )(3.22)

for each k ≥ 0. We compute

Xij := [Wi,Wj ]− [Ui, Uj ] = [Xi,Wj ] + [Ui, Xj ] = ∇(Xi ∗Wj) +∇(Ui ∗Xj).

By (3.22), this yields

|∇ℓXij | ≤ O(r−
ℓ
2 ) for each ℓ ≥ 0.(3.23)

Next, we look at iterated brackets. We have

Xijk := [Wi, [Wj ,Wk]]− [Ui, [Uj , Uk]] = [Ui +Xi, [Uj , Uk] +Xjk]− [Ui, [Uj , Uk]]

= [Ui, Xjk] + [Xi, [Uj , Uk]] + [Xi, Xjk]

= ∇(Ui ∗Xjk) +∇(Xi ∗ [Uj , Uk]) +∇(Xi ∗Xjk),

which by (3.22) and (3.23), implies

|∇ℓXijk| ≤ O(r−
ℓ
2 ) for each ℓ ≥ 0.

Continuing inductively, we see that each difference

Xi1···ip := [Wi1 , [Wi2 , [. . . ,Wip ]]]− [Ui1 , [Ui2 , [. . . , Uip ]]]

satisfies

|∇ℓXi1···ip | ≤ O(r−
ℓ
2 ) for each ℓ ≥ 0.(3.24)
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From Corollary 3.18, we know that Xi1···ip is tangential to the level sets of f . Then by (3.24)
and Lemma 2.7,

sup
{f=ρ}

|Xi1···ip |ḡ∞ ≤ O(ρ−
1
2 ).(3.25)

The vector fields {Ūi}i=1,...,d̄−d1(S,ḡ∞) are linearly independent Killing fields on (S, ḡ∞).
Therefore, the Lie algebra they generate is spanned by a set of the form

{[Ūi1 , [Ūi2 , [. . . , ŪiP ]]] : 1 ≤ i1, . . . , iP ≤ d̄− d1(S, ḡ∞)}(3.26)

with P < ∞. By the definition of d1(S, ḡ∞), the vector fields in (3.26) span the tangent
space to S at each point. Therefore, the corresponding set of extensions

{[Ui1 , [Ui2 , [. . . , UiP ]]] : 1 ≤ i1, . . . , iP ≤ d̄− d1(S, ḡ∞)}

spans the tangent space to {f = ρ} at each point, provided ρ is sufficiently large. By (3.25),

{[Wi1 , [Wi2 , [. . . ,WiP ]]] : 1 ≤ i1, . . . , iP ≤ d̄− d1(S, ḡ∞)}

also spans the tangent space to {f = ρ} at each point, provided ρ is sufficiently large.
Therefore, the subalgebra of Killing fields on (M, g) generated by the Wi’s spans the tangent
space to {f = ρ} at each point, provided ρ is sufficiently large. □

Now we show that Theorem 1.4 holds whenever

d ≤ min
d′≤d1(S,ḡ∞)

min {d′, d2(S, d′)} .(3.27)

Proof of Theorem 1.4. Let (Mn, g, f) be as in the theorem, and suppose (S, ḡ∞) is Riemann-
ian homogeneous. Also assume that dimkerL2(ef )(L) ≤ d, where d satisfies (3.27).

Since d ≤ d1(S, ḡ∞), Lemma 3.21 implies that the subalgebra gρ of I(S, gρ) spans the
tangent space to S at every point in any sufficiently far level set of f . Hence, Gρ acts
transitively on (S, gρ), and dim I(S, gρ) ≥ dimGρ ≥ d̄ − d ≥ d̄ − d1(S, ḡ∞). Since gρ is a
Lie subalgebra of I(S, gρ) with dim gρ ≥ d̄− d ≥ d̄− d2(S, d1(S, ḡ∞)), it follows that Gρ is
a closed Lie subgroup of I(S, gρ). The theorem now follows from Lemma 3.19. □

Theorem 1.4 as stated is insufficient for applications since it does not tell us what Gρ

(and hence G) is. Later in the paper, we will use specific choices for d for certain (S, ḡ∞)
and rerun the above proof to find all possibilities for G. In combination with the next result,
this will give strong control on the global geometry.

Proposition 3.22. Let (Mn, g, f) be as in Theorem 1.4, where (S, ḡ∞) is homogeneous.
Suppose there is a compact, connected Lie group G acting smoothly, almost effectively, and
isometrically with cohomogeneity one on (M, g). Also suppose G preserves the level sets of
f . Denote the projection map by π : M → M/G. Then:

(a) The orbit space M/G is homeomorphic to [0, 1).
(b) There is a closed subgroup H of G such that the principal orbits, i.e. π−1(s) for

any s > 0, are diffeomorphic to S ∼= G/H. Thus, each point in a principal orbit has
isotropy subgroup H.

(c) The singular orbit X = π−1(0) is diffeomorphic to G/K, where K is a closed subgroup
of G such that H ⊂ K and K/H ∼= Sℓ for some ℓ ≥ 0.

(d) M is diffeomorphic to the vector bundle E = G×K Rℓ+1 over G/K ∼= X, where K
acts via k · (g, v) = (gk−1, kv), and kv is the radial extension of the action of K on
K/H ∼= Sℓ.
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(e) Every sphere bundle of E is diffeomorphic to S. Thus M \ X is diffeomorphic to
(0,∞)× S, and under this identification the metric g becomes

g = ds2 + g(s),

where {g(s)}s>0 is a smooth family of G-invariant metrics on G/H ∼= S.

Proof. By Mostert [31], the existence of a cohomogeneity one action of a compact Lie group
implies that the orbit space M/G is homeomorphic to one of

S1, [0, 1], [0, 1), (0, 1).

As M is noncompact, we can rule out S1 and [0, 1]. We can also rule out (0, 1), as by [31]
this would imply M is diffeomorphic to (0, 1)× S, contradicting Theorem 2.5. Hence, M/G
is homeomorphic to [0, 1), proving (a). The other assertions are well-known facts about
manifolds admitting a cohomogeneity one isometric action with orbit space [0, 1); see e.g.
[1, §6.3] and [28, §1]. □

4. Uniqueness of rotationally symmetric GRSs

We now specialize the symmetry principles from §3.3 to the case of round spherical
asymptotic links, and prove Theorem 1.5. In this section, ḡ∞ denotes the round metric
on Sn−1 of constant sectional curvature 1. Following Theorem 1.5, we take (Mn, g, f),
n ≥ 3, to be either an asymptotically Sn−1-cylindrical steady GRS or an asymptotically
(Sn−1, αḡ∞)-conical expanding GRS with α > 0. We start with a well-known fact (see for
instance [29, §II.3]):

Lemma 4.1. The maximal dimension of a proper Lie subalgebra of so(n) is (n−1)(n−2)
2 if

n = 3 or n ≥ 5, and 4 if n = 4.

Recall the definition of d1 from Definition 3.20.

Corollary 4.2. We have

d1(Sn−1, ḡ∞) ≥

{
n− 2 if n = 3 or n ≥ 5,

1 if n = 4.
(4.1)

Proof. Let d be the quantity on the RHS of (4.1). We have

d̄− d =

{
n(n−1)

2 − (n− 2) = (n−1)(n−2)
2 + 1 if n = 3 or n ≥ 5,

5 if n = 4.

By Lemma 4.1, any Lie subalgebra of I(Sn−1, ḡ∞) = so(n) with dimension ≥ d̄ − d must
be so(n) itself, so its vector fields span the tangent space to Sn−1 at each point. Hence,
d1(Sn−1, ḡ∞) ≥ d by definition. □

Corollary 4.3. Suppose that

dimkerL2(ef )(L) ≤

{
n− 2 if n = 3 or n ≥ 5,

1 if n = 4.

Then SO(n) acts smoothly, effectively, and isometrically with cohomogeneity one on (M, g).
The action preserves the level sets of f . The isotropy subgroup of each point in a sufficiently
far level set of f is SO(n− 1).
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Proof. The isometry group of the round sphere has dimension d̄ = n(n−1)
2 . Let d = n− 2 if

n = 3 or n ≥ 5, or d = 1 if n = 4. Then dimkerL2(ef )(L) ≤ d by assumption. We rerun the
proof of Theorem 1.4:

We have d ≤ d1(Sn−1, ḡ∞) by Corollary 4.2. Hence, Lemma 3.21 implies that the
subalgebra gρ of I(Sn−1, gρ) spans the tangent space to Sn−1 at every point in any sufficiently
far level set of f . So (Sn−1, gρ) is Riemannian homogeneous with

dim I(Sn−1, gρ) ≥ d̄− d ≥

{
(n−1)(n−2)

2 + 1 if n = 3 or n ≥ 5,

5 if n = 4.

By Ziller’s classification of homogeneous metrics on spheres [38], this is only possible if
gρ is round and I0(Sn−1, gρ) = SO(n), and moreover the isotropy subgroup of any point
is SO(n − 1). Since gρ is a Lie subalgebra of I(S, gρ) = so(n) with dim gρ ≥ d̄ − d, this
forces gρ = so(n) by Lemma 4.1. Hence Gρ

∼= SO(n). By Lemma 3.19, G ∼= Gρ acts as
claimed. □

Lemma 4.4. Every SO(n)-invariant metric on SO(n)/SO(n− 1) ∼= Sn−1 is a multiple of
ḡ∞.

Proof. Such metrics correspond to Ad(SO(n − 1))-invariant inner products on p, where
so(n) = so(n− 1)⊕ p is a fixed Ad(SO(n− 1))-invariant decomposition. But p is irreducible,
so the result follows from Schur’s lemma. □

Proof of Theorem 1.5. By Corollary 4.3 and Proposition 3.22, there is a submanifold X ⊂ M
not homeomorphic to Sn−1, such that (M \X, g) can be identified as

(M \X, g) =
(
(0,∞)× Sn−1, ds2 + g(s)

)
,

where {g(s)}s>0 is a family of SO(n)-invariant metrics on a fixed copy of SO(n)/SO(n−1) ∼=
Sn−1. From the description of (M, g) as a bundle over X, the metric spaces (Sn−1, g(s))
converge in the Hausdorff sense as s → 0 to X with the submanifold metric. Moreover, f is
a function of s.

By Lemma 4.4, we have

g(s) = w(s)2ḡ∞ for all s > 0,(4.2)

where w is a smooth positive function. Therefore, in view of the Hausdorff convergence
(Sn−1, g(s)) → X and the fact that X is not homeomorphic to Sn−1, we must have w(s) → 0
as s → 0+ and X is a point. By Proposition 3.22(d), M is diffeomorphic to the cone over
Sn−1, i.e. Rn. It is also rotationally symmetric by (4.2). □

5. Global symmetries of GRSs with Berger-type asymptotic links

In this section, we specialize the symmetry principles from §3.3 to the case of Berger-type
asymptotic links, and prove Theorem 1.6. The basic idea is similar to that of the previous
section, but more group-theoretic input is required in this case.

5.1. Isometries of Berger metrics. Recall some notations from §1.3:
• For each m, k ≥ 1, Lm,k is the smooth manifold obtained by quotienting S2m+1 by
the Zk action which rotates the Hopf fibers.

• For a, b > 0, the metric ga,b on Lm,k is obtained by quotienting the Berger metric

g̃a,b = a2σ ⊗ σ + b2π∗gFS
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on S2m+1 by the Zk action. The metric ga,b has constant sectional curvature κ−2 if
and only if a = b = κ.

The next two lemmas lay out well-known facts about the isometry groups of g̃a,b and ga,b, as
well as their homogeneous presentations.

Lemma 5.1. Let m, k ≥ 1 and a, b > 0.

(a) U(m + 1) embeds into I0(S2m+1, g̃a,b) as a transitive subgroup of isometries, with
isotropy subgroup U(m) (embedded in U(m+ 1) as A 7→ diag(A, 1)).

(b) SU(m+ 1) embeds into I0(S2m+1, g̃a,b) as a transitive subgroup of isometries, with
isotropy subgroup SU(m) (embedded in SU(m+ 1) as A 7→ diag(A, 1)).

(c) (Lm,k, ga,b) is the quotient of (S2m+1, g̃a,b) by a central subgroup Zk ⊂ U(1) ∼=
Z(U(m+ 1)).

(d) U(m+ 1) acts transitively and isometrically on (Lm,k, ga,b) with isotropy subgroup
U(m)× Zk (block-diagonally embedded in U(m+ 1)).

(e) SU(m+ 1) acts transitively and isometrically on (Lm,k, ga,b) with isotropy subgroup
S(U(m)× Zk) (block-diagonally embedded in SU(m+ 1)).

Proof. Parts (a), (b), and (c) are standard. Part (d) follows from (a) and (c) because the
subgroup of U(m+ 1) generated by the upper-left U(m) and the central Zk is the indicated
copy of U(m)× Zk. Part (e) follows from parts (b) and (d). □

Lemma 5.2. Let m ≥ 1 and a, b > 0. Then

I(S2m+1, g̃a,b) ∼=

{
O(2m+ 2) if a = b,

U(m+ 1)⋊ Z2 if a ̸= b.

If additionally k ≥ 3, then for any a, b > 0 we have

I(Lm,k, ga,b) ∼= (U(m+ 1)⋊ Z2)/Zk.(5.1)

Proof. If a = b, then (S2m+1, g̃a,b) is a round sphere with isometry group O(2m + 2). If

a ̸= b, it is well-known (e.g. [35, §2]) that I(S2m+1, g̃a,b) = Î where

Î = {A ∈ O(2m+ 2) : AJ = ±JA},

and J ∈ O(2m+2) is the matrix associated with multiplication by i in Cm+1 ∼= R2m+2. One

checks that Î is the disjoint union

Î = U(m+ 1) ⊔KU(m+ 1),(5.2)

where U(m+ 1) is considered as embedded in O(2m+ 2), and K ∈ O(2m+ 2) is the matrix
which sends (z0, . . . , zm) ∈ Cm+1 ∼= R2m+2 to (z̄0, . . . , z̄m). Then

Î ∼= U(m+ 1)⋊ Z2.(5.3)

By Lemma 5.1(c), we have I(Lm,k, ga,b) ∼= NI(S2m+1,g̃a,b)(Zk)/Zk, where Zk sits centrally

in U(m+1) ⊂ I0(S2m+1, g̃a,b). Thus, to prove (5.1) we must show that NI(S2m+1,g̃a,b)(Zk) ∼=
U(m+ 1)⋊ Z2. We again divide into two cases.

Suppose a ≠ b. With K ∈ O(2m + 2) as above, we see that KAK−1 = Ā for all
A ∈ U(m+ 1) ⊂ O(2m+ 2). Thus, K normalizes the indicated central copy of Zk. Using
(5.2) and (5.3), it follows that

NI(S2m+1,g̃a,b)(Zk) = U(m+ 1) ⊔KU(m+ 1) ∼= U(m+ 1)⋊ Z2,

as required.
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On the other hand, suppose a = b, so that I(S2m+1, g̃a,b) = O(2m + 2). The matrix
Z = exp( 2πk J) is a generator of the indicated copy of Zk. Thus,

Z±1 = cos

(
2π

k

)
I ± sin

(
2π

k

)
J,(5.4)

where I is the identity matrix of size 2m+ 2. If A ∈ NO(2m+2)(Zk), then AZA−1 = Zα for
some α ∈ Z, i.e.

A exp

(
2π

k
J

)
A−1 = exp

(
2πα

k
J

)
.

The left matrix has eigenvalues e±
2πi
k , each with multiplicity m+ 1. The right matrix has

eigenvalues e±
2πiα

k , each with multiplicity m+ 1. For these eigenvalues to match, we need
α ≡ ±1 mod k. Then AZA−1 = Z±1. Writing these two equations out in terms of (5.4),
then simplifying, we get

sin

(
2π

k

)
(AJ − JA) = 0 or sin

(
2π

k

)
(AJ + JA) = 0.

Since k ≥ 3, we have sin( 2πk ) ̸= 0, so AJ = ±JA and A ∈ Î. Thus, NO(2m+2)(Zk) ⊆ Î ∼=
U(m+ 1)⋊ Z2. Reversing these arguments gives Î ⊆ NO(2m+2)(Zk). □

5.2. Reduction to cohomogeneity one. The main result of this subsection is Corollary
5.6, which is an analog of Corollary 4.3 from the previous section. We need the following
preparations.

Lemma 5.3. Let m ≥ 1. If g is a Lie subalgebra of u(m+ 1) satisfying

dim g ≥ (m+ 1)2 − 2(m+ 1) + 3,(5.5)

Then either g = su(m+ 1) or g = u(m+ 1). If m = 3 we also allow g = sp(2)⊕ u(1) (up to
conjugacy in u(4)).

Proof. Consider the canonical representation of g on Cm+1. If this were reducible, then g is
contained in u(k)⊕ u(m+ 1− k) for some 1 ≤ k ≤ m. However, a dimensionality argument
shows that this contradicts (5.5). Therefore, g acts irreducibly on Cm+1.

Recall that u(m+ 1) = su(m+ 1)⊕ u(1), where u(1) = RiIm+1. Thus,

g = gtf ⊕ z := (g ∩ su(m+ 1))⊕ (g ∩ u(1)).(5.6)

Since dim z ≤ 1, we have dim gtf ≥ dim g−1. Moreover, since gtf is a subalgebra of su(m+1),
it is compact and hence reductive. Also gtf acts irreducibly on Cm+1, since g does. Hence, its
complexification gtfC ⊂ sl(m+ 1,C) is also reductive, acts irreducibly on Cm+1, and satisfies

dimC gtfC ≥ (m+ 1)2 − 2(m+ 1) + 2.(5.7)

By a dimensional argument, one checks that the canonical representation of gtfC on Cm+1

does not decompose as a tensor product. Combined with its reductivity, this implies gtfC is a
simple Lie algebra over C possessing an faithful C-irrep of dimension m+ 1. Also being a
subalgebra of sl(m+ 1,C) and satisfying (5.7), one checks using the classification of simple
Lie algebras and their smallest C-irreps that the only possibilities are gtfC = sl(m+1,C), and
if m = 3, gtfC = sp(2,C).

If gtfC = sl(m+ 1,C), then gtf is a compact real form of sl(m+ 1,C), which is necessarily
su(m+ 1). Using (5.6), we see that g = su(m+ 1) if dim z = 0, or g = u(m+ 1) if dim z = 1.
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If m = 3 and gtfC = sp(2,C), then gtf is a compact real form of sp(2,C), which is necessarily
sp(2). Using (5.6), we see that g = sp(2) if dim z = 0, or g = sp(2)⊕ u(1) if dim z = 1. We
can rule out the former case since this violates (5.5). □

Proposition 5.4. Let m ≥ 1, k ≥ 3, and a, b > 0. Then

d1(Lm,k, ga,b) ≥ 2(m+ 1)− 3.

Proof. Let g be a Lie subalgebra of I(Lm,k, ga,b) = u(m+ 1) with dimension ≥ d̄− 2(m+
1) + 3 = (m+ 1)2 − 2(m+ 1) + 3. By Lemma 5.3, either g = su(m+ 1) or g = u(m+ 1), or
when m = 3 we may have g = sp(2)⊕ u(1). Therefore, the unique connected Lie subgroup
G of I0(Lm,k, ga,b) = U(m + 1)/Zk with Lie algebra g is, up to conjugacy, the image of

G̃ ∈ {SU(m+1), U(m+1), Sp(2) ·U(1)} under the projection map U(m+1) → U(m+1)/Zk.

Note that each possible G̃ acts transitively on the unit (coordinate) sphere in Cm+1, so G
acts transitively on Lm,k. Thus, g spans the tangent space to Lm,k at each point. This
implies that d1(Lm,k, ga,b) ≥ 2(m+ 1)− 3. □

Proposition 5.5. Let m ≥ 1 and k ≥ 3. If g is a homogeneous metric on Lm,k with

dim I(Lm,k, g) ≥


(m+ 1)2 − 2(m+ 1) + 3 if m = 2 or m ≥ 4,

14 if m = 3,

4 if m = 1,

(5.8)

then g is a Berger metric, I0(Lm,k, g) = U(m + 1)/Zk, and the isotropy subgroup of its
action is the image of U(m)× Zk under the quotient map U(m+ 1) → U(m+ 1)/Zk.

Proof. Let (S2m+1, g̃) be the universal cover of (Lm,k, g). Then dim I(S2m+1, g̃) has the
same lower bound as in (5.8). Meanwhile, Ziller [38] classifies all homogeneous metrics on
spheres and their isometry groups. Using this classification and the dimension bound on
I(S2m+1, g̃), all non-Berger cases are ruled out so g̃ must be a Berger metric.

If g̃ has constant sectional curvature, then since diffeomorphic spherical space forms are
isometric [21], (Lm,k, g) is isometric to (Lm,k, ḡ∞). The remaining claims then follow from
Lemma 5.2.

Suppose now that g̃ has non-constant sectional curvature. By construction, (Lm,k, g) is
the quotient of (S2m+1, g̃) by a free, isometric action of Zk. By (5.8), there is an embedding
ι : Zk → G := I(S2m+1, g̃) = U(m + 1) ⋊ Z2 with the same dimension lower bound on
H := N0

G(ι(Zk)). Let F := ι(Zk). Consider the conjugation map H → Aut(F ). This has
connected image in a finite group, so it is trivial and hence

F ⊂ CG(H).(5.9)

Now, H is a closed connected subgroup of G with dimension at least the right-hand
side of (5.8). By Lemma 5.3, its Lie algebra is su(m + 1) or u(m + 1), with the former
only possible when m > 1 due to the dimension bound. Accordingly, H = SU(m+ 1) or
H = U(m+ 1). Below, we show that in both cases F = ι(Zk) is contained in the center of
I0(S2m+1, g̃) = U(m+ 1). This implies that g is a Berger metric, and the remaining claims
of the proposition follow from Lemma 5.2.

Case 1: H = U(m+ 1). Suppose g ∈ KU(m+ 1) centralizes H. Then it commutes with
all elements of the form zIm+1, z ∈ U(1). Writing g = KA for A ∈ U(m+ 1), we have

zg = (zIm+1)g = g(zIm+1) = KAz = KzA = z̄KA = z̄g.
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for all z ∈ U(1). This is a contradiction, so no element in KU(m+ 1) centralizes H. Thus,

F ⊂ CG(H) = CU(m+1)⊔KU(m+1)(H) = Z(U(m+ 1)).

Case 2: H = SU(m+ 1) (only when m > 1). It is well known that

CU(m+1)(H) = Z(U(m+ 1)) ∼= U(1).(5.10)

Meanwhile, let g ∈ KU(m+ 1), and write g = KA with A ∈ U(m+ 1). For all S ∈ H, we
have

gS = Sg ⇔ KAS = S(KA) = KS̄A ⇔ ASA−1 = S̄.

That is, g = KA centralizes H iff ASA−1 = S̄ for all S ∈ H. This can only happen if S 7→ S̄
is an inner automorphism of SU(m + 1). However, since m > 1, complex conjugation in
SU(m+ 1) is not inner. Therefore, no element of KU(m+ 1) centralizes H. Together with
(5.9) and (5.10), we conclude that F ⊂ CG(H) = Z(U(m+ 1)), as claimed. □

Corollary 5.6. Let (M, g, f) be an asymptotically Lm,k-cylindrical steady GRS or an
asymptotically (Lm,k, gα,β)-conical expanding GRS, where m ≥ 1, k ≥ 3, and α, β > 0.
Suppose that

dimkerL2(ef )(L) ≤


2m− 1 if m = 2 or m ≥ 4,

2 if m = 3,

0 if m = 1.

(5.11)

Let G = SU(m + 1) if m ≥ 2, and G = U(2) if m = 1. Then G acts smoothly, almost
effectively, and isometrically with cohomogeneity one on (M, g). The action preserves the
level sets of f . The isotropy subgroup of each point in a sufficiently far level set of f is
S(U(m)× Zk) if m ≥ 2, and U(1)× Zk if m = 1.

Proof. We have d̄ = (m+ 1)2. Let d be the number on the right-hand side of (5.11). We
rerun the proof of Theorem 1.4:

By Proposition 5.4, dimkerL2(ef )(L) ≤ d ≤ d1(Lm,k, ḡ∞) (or d1(Lm,k, gα,β) in the ex-
panding case). Hence, Lemma 3.21 implies that the subalgebra gρ of I(Lm,k, gρ) spans the
tangent space to Lm,k at any point in any sufficiently far level set of f . Hence, (Lm,k, gρ) is
Riemannian homogeneous with

dim I(Lm,k, gρ) ≥ d̄− d ≥


(m+ 1)2 − 2(m+ 1) + 3 if m = 2 or m ≥ 4

14 if m = 3,

4 if m = 1.

By Proposition 5.5, gρ is a Berger metric, and I0(Lm,k, gρ) = U(m+ 1)/Zk acts transitively
with isotropy subgroup described in the proposition. Since gρ is a Lie subalgebra of
I(Lm,k, gρ) = u(m+1) with dim gρ ≥ d̄−d, Lemma 5.3 implies that gρ ∈ {su(m+1), u(m+1)}
if m ≥ 2, or gρ = u(m+ 1) if m = 1. Hence, for the subgroup Gρ of I0(Lm,k, gρ) that gρ
integrates to, we know the following:

• If m ≥ 2, then Gρ is the image of either SU(m+ 1) or U(m+ 1) under the quotient
map U(m + 1) → U(m + 1)/Zk. In the former case, Gρ still acts transitively on
(Lm,k, gρ) with isotropy subgroup given by the image of S(U(m) × Zk) under the
same quotient map.

• If m = 1, then Gρ
∼= U(2)/Zk.

The corollary now follows from Lemma 3.19, and by undoing the Zk-quotients in the groups
involved. (This last step leads to the action being almost effective instead of effective.) □
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5.3. Proof of Theorem 1.6. Having now pinned down the cohomogeneity one structure
due to Corollary 5.6, in this final part we sharpen this to Theorem 1.6. In particular, we
need to reduce the metric to an explicit system of ODEs.

Lemma 5.7. (a) Let m ≥ 2. If K is a closed proper subgroup of SU(m+1) that contains
SU(m), then K = S(U(m)× C) for some subgroup C of U(1).

(b) Meanwhile, if K is a closed proper subgroup of U(2) that contains U(1), then either
K = U(1)× C or K = (U(1)× U(1))⋊ Z2.

Proof. We focus on case (a). The identity component K0 of K acts canonically on Cm+1,
and splits Cm+1 into irreducible modules which are orthogonal with respect to the standard
Hermitian metric. As K0 contains the upper-left SU(m), there are two possibilities:

(i) The decomposition is Cm ⊕ C1.
(ii) The decomposition is Cm+1, i.e. K0 acts irreducibly.

Case (i): in this case, K0 contains the upper-left SU(m) and is a subgroup of

{g ∈ SU(m+ 1) : g(Cm) = Cm, g(C1) = C1} = S(U(m)× U(1)).

Thus K0 = S(U(m) × C) for some subgroup C of U(1). As K0 is connected, the only
possibilities are K0 = SU(m) or K0 = S(U(m)× U(1)). Since K0 is a normal subgroup of
K, we have K ⊆ NSU(m+1)(K

0). Using this, we find the possibilities for K:

• If K0 = SU(m), then NSU(m+1)(K
0) = S(U(m)×U(1)) so K is of the form S(U(m)×

C).
• If K0 = S(U(m)× U(1)), then NSU(m+1)(K

0) = K0, so K = K0.

Case (ii): since K0 contains SU(m), its Lie algebra k ⊆ su(m+1) contains su(m), embedded
into the upper-left block. Since K0 is connected and acts irreducibly on Cm+1, the induced
representation k of Cm+1 is also irreducible. Hence, there exists X ∈ k with nonzero
off-diagonal entries with respect to the vector space decomposition Cm+1 = Cm ⊕ C1, i.e.

X =

[
A u

−u∗ α

]
where A ∈ u(m), u ∈ Cm×1, and α ∈ iR, with diag(A,α) ∈ su(m + 1) and u ≠ 0. Using
this and the fact that k contains su(m), it can be checked by computing commutators that
k = su(m+ 1). We omit the details. It follows that K0 = SU(m+ 1), and K = SU(m+ 1).

This proves part (a) of the lemma. Part (b) is proved analogously. The only substantive
difference lies in case (i), where in the case K0 = U(1)×U(1) we get NU(2)(K

0) = K0 ⋊Z2,

so either K = K0 or K = K0 ⋊ Z2. □

Corollary 5.8. (a) Let m ≥ 2 and k ≥ 1. If K is a closed subgroup of SU(m + 1)
containing S(U(m) × Zk), and K/S(U(m) × Zk) is diffeomorphic to Sℓ for some
ℓ ≥ 0, then K = S(U(m)× Z2k) or K = S(U(m)× U(1)).

(b) Let k ≥ 1. If K is a closed subgroup of U(2) containing U(1)×Zk, and K/(U(1)×Zk)
is diffeomorphic to Sℓ for some ℓ ≥ 0, then K = U(1)× Z2k or K = U(1)× U(1).

By Lemma 5.1, there are diffeomorphisms SU(m + 1)/S(U(m) × Zk) ∼= Lm,k and
U(2)/(U(1) × Zk) ∼= L1,k. We fix such an identification for the next lemma, which is
an analog of Lemma 4.4.

Lemma 5.9. (a) Let m ≥ 2 and k ≥ 1. Then any SU(m + 1)-invariant metric on
SU(m+ 1)/S(U(m)× Zk) ∼= Lm,k is equal to ga,b for some a, b > 0.
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(b) Let k ≥ 1. Any U(2)-invariant metric on U(2)/(U(1) × Zk) ∼= L1,k is equal to ga,b
for some a, b > 0.

Proof. We handle case (a); case (b) is entirely similar.
Let G = SU(m+1) and H = S(U(m)×Zk). Then G-invariant metrics on G/H bijectively

correspond to Ad(H)-invariant inner products on p, where g = h⊕p is a fixed Ad(H)-invariant
decomposition. It is easy to see that p further decomposes into irreducible Ad(H)-modules
p = p1 ⊕ p2, with dimR p1 = 1 and dimR p2 = 2m. By Schur’s lemma, all Ad(H)-invariant
inner products on p are of the form

a2⟨·, ·⟩p1 + b2⟨·, ·⟩p2 ,

where a, b > 0 and ⟨·, ·⟩pi
is the Euclidean inner product on pi. Tracing back identifications,

this corresponds to the metric ga,b on Lm,k. The lemma follows. □

We finally proceed to the proof of our main result.

Proof of Theorem 1.6. Let (M, g, f) be an asymptotically Lm,k-cylindrical steady GRS or
an asymptotically (Lm,k, gα,β)-conical expanding GRS, with m ≥ 1, k ≥ 3, and α, β > 0.
Suppose that

dimkerL2(ef )(L) ≤


2m− 1 if m = 2 or m ≥ 4,

2 if m = 3,

0 if m = 1.

By Corollary 5.6 and Proposition 3.22, we get the following.

(i) Outside a submanifold X, we can identify

(M \X, g) =
(
(0,∞)×G/H, ds2 + g(s)

)
,

where {g(s)}s>0 are G-invariant metrics on a fixed copy of G/H ∼= Lm,k. The groups
G and H are given by G = SU(m+ 1), H = S(U(m)× Zk) if m ≥ 2, and G = U(2),
H = U(1)× Zk if m = 1.

(ii) f is a function of s, and f is constant on X.
(iii) There is a closed subgroup K of G containing H such that K/H ∼= Sℓ for some ℓ ≥ 0,

and X ∼= G/K.
(iv) From the description of (M, g) as a fiber bundle over X, the metric spaces (G/H, g(s))

converge in the Hausdorff sense to X as s → 0.

From (i) and Lemma 5.9, we have g(s) = ga(s),b(s) for some positive functions a, b : (0,∞) → R.
Combining this with (ii) and the computations in [2, Appendix A], the triple (f, a, b) satisfies
(1.6)–(1.8). Moreover, if (M, g, f) is asymptotically Lm,k-cylindrical, then

lim
s→∞

a(s)

b(s)
= 1,(5.12)

and if (M, g, f) is asymptotically (Lm,k, gα,β)-conical, then

lim
s→∞

a(s)

s
= α, lim

s→∞

b(s)

s
= β.(5.13)

It remains to examine the boundary conditions. By (iii) and Corollary 5.8, there are two
possibilities for K and X:

(a) K = S(U(m)× Z2k) (if m ≥ 2) or K = U(1)× Z2k (if m = 1), and X ∼= Lm,2k.
(b) K = S(U(m)× U(1)) (if m ≥ 2) or K = U(1)× U(1) (if m = 1), and X ∼= CPm.



28 MICHAEL B. LAW

However, the first option is incompatible with (iv) because it is impossible for (G/H, ga(s),b(s))
to converge in the Hausdorff sense to a metric space homeomorphic to Lm,2k. Indeed, any
change in topology must arise from sending a or b to zero, which necessarily results in a
dimension drop. Hence the second option holds and X ∼= CPm.

For (G/H, ga(s),b(s)) to converge in the Hausdorff sense to a metric on CPm, we need
a(s) → 0 and b(s) → b(0) > 0 as s → 0. For the metric to close up smoothly at X, we
adapt the discussion in [36, §3] to obtain a′(0) = k and b′(0) = 0 as necessary conditions.
As f is a function of the radial coordinate s on fibers, we also see by restricting to a
single fiber that smoothness requires f ′(0) = 0. Thus, the system (1.6)–(1.8) holds with
boundary conditions given by (1.9). If (M, g, f) is an asymptotically Lm,k-cylindrical steady
GRS, then this and (5.12) imply that (M, g, f) ∈ As

m,k (as defined in §1.3). If (M, g, f)

is an asymptotically (Lm,k, gα,β)-conical expanding GRS, then this and (5.13) imply that
(M, g, f) ∈ Ae

m,k(α, β). □
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