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Abstract

Tangent flows are limits obtained by rescaling solutions of mean curvature flow as they approach
singularities. They are concrete geometric models of singularities, and are key to understanding
the kinds of singularities that can occur. However, tangent flows are inherently defined as limits in
a subconvergent sense, and this leaves open the possibility that two tangent flows associated to a
given singularity look wildly different. The question of whether tangent flows are unique remains
a major open problem, and an affirmative answer has striking implications for the singular set.

Uniqueness of tangent flows has long been known to hold for convex mean curvature flows in all
dimensions and for all mean curvature flows in the plane (i.e. for the curve shortening flow). On
the other hand, uniqueness under weaker assumptions has only recently shown promising signs
of progress. This thesis details some of this recent work. The central result we present is that
uniqueness of tangent flows holds too for mean convex mean curvature flows in all dimensions.
To prove this, we will explain the work of Schulze and Colding—Minicozzi on the uniqueness
of compact and cylindrical tangent flows respectively. We assume no prior familiarity with the
mean curvature flow, so this thesis doubly functions as an entry point to this fascinating area of
mathematics.
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Notation and Symbols

Unless otherwise specified, all manifolds are smooth and orientable without boundary, and all
sections of vector bundles are smooth. We also adopt Einstein summation convention in which
repeated indices are implicitly summed over. Expressions of the form C' = C(«, 3, . ..) mean that
C'is a constant depending on «, 3, etc. This constant can change from line to line but retains the
most recently stated dependencies.

4 <4 < ®

()

(%R, t,n)
A
a.e.

Bpg, Br(zo)
C(a, By...)
CH(E), CkH(E)
Cr

d

div

F(2), Fx(u)

is identically equal to

tensor product

covariant derivative or gradient operator
Euclidean covariant derivative or gradient operator

covariant derivatives in the i-th coordinate direction with respect to a chart
(resp. canonical coordinates in Euclidean space)

k-th iterated covariant derivatives

Laplacian

weighted integrals over a hypersurface ¥, i.e. fz f e‘¥ (used in §4)
norm of the tensor 7' on a hypersurface

norm of v in a normed vector space V'

tensor contraction, possibly involving the metric

restriction of measure

Riemannian metric or inner product

special quantity defined by (6.50) (used in §6)

second fundamental form

almost everywhere

Euclidean ball of radius R centred at the origin (resp. centred at )
a constant depending on «, 3, . ..

C* sections, C* Holder sections of E

\k/ﬂ x R™* about the origin in R"*! (used in §6)
de Rham differential or Fréchet derivative

set of all rotations of S

divergence

F-functional on a hypersurface ¥, or on the normal graph of u above X



vi

¥, P
Dt 858

I(E), T'e(E)

L2 (), L*(v)

MCF

M, Mz, etc.

NM
N, Ny

RMCF
R(Zr)
ro o k(%)
sn, gn

TM, T*M

WhP(E)

wr

—H + 2 (used in §6)

MCF (resp. RMCF) as a one-parameter family of immersions
timeslices of ¢, ¢

Riemannian metric

smooth sections (resp. compactly supported smooth sections) of £
Christoffel symbols

mean curvature

n-dimensional Hausdorff measure

components of the second fundamental form

typically the linearisations of M, My, etc. at 0

L? sections of F (Gaussian-weighted in §4 and §6)

describes an L? structure with inner product defined by paired integration
against the measure y (resp. v)

Ornstein-Uhlenbeck operator

typically a smooth, orientable n-dimensional manifold without boundary
mean curvature flow

Euler-Lagrange functional of F, Fs;, possibly Gaussian-weighted
Riemannian measure

normal bundle of M

natural numbers excluding (resp. including) zero

outward-pointing unit normal

Gaussian measure on a hypersurface

big O notation for asymptotic behaviour

rescaled mean curvature flow

entropy scale of the RMCF X at time s = T (used in §6)

cylindrical scale of the hypersurface ¥ (used in §6)

n-sphere of radius r (resp. radius 1) centred at the origin in R**+!

RMCEF as a family of compact, embedded hypersurfaces (used in §5 and §6)
tangent (resp. cotangent) bundle of M

% (used in 8§86)

WkP Sobolev sections of E

distance to the axis of the cylinder I' (used in §6)
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Chapter 1

Introduction

Under mean curvature flow, a smooth surface moves to decrease its area as rapidly as possible.
This mechanism was first studied by material scientists almost a century ago to model grain
growth in metal annealing [Sut28, vIN52, Mul56], and has since found applications in image
processing and cellular automata, among other things. Mathematical interest in MCF was invig-
orated in the late 1970s and 1980s, starting with Brakke’s comprehensive monograph [Bra78]
in the measure-theoretic setting, followed by seminal works of Huisken and others on classical
solutions (e.g. [Hui84, Hui90,EH91]).

At its core, mean curvature flow is a nonlinear partial differential equation governing the motion
of a hypersurface. Nonlinearity gives rise to singularities: solutions of the flow cannot, in general,
exist smoothly for infinite time. Geometrically, this corresponds to the hypersurface collapsing
due to curvature blowup, but even this phenomenon can take place in various ways; see Figure

1.1. Ergo, a large part of mean curvature flow revolves around one question: what do singularities
of the flow look like?

Figure 1.1: Different singularity modes for mean curvature flow in R?. Top (adapted
from [CMP15]): a dumbbell develops a neckpinch, becoming singular at a point while
the area remains positive. Bottom: a thin torus of revolution has becomes thinner, and
the singularity locus is a circle. At the singular time, all surface area is lost.

To examine a singularity, one magnifies (or blows up) around the point where singular behaviour
occurs to get a clearer picture of what is happening. One then tries to extract a limit hypersurface
which would act as a geometric model of the singularity. Such limits are called tangent flows. By
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standard results [Hui90, Whi94, Ilm95], if the blowup is done at a suitable rate, then tangent
flows always exist, and they belong to a special class of hypersurfaces called shrinkers. This is
a powerful statement — not only does it provide a robust blowup method, but it also relates the
study of singularities to the study of shrinkers. However, it has one major shortcoming: it only
guarantees the existence of tangent flows in a subconvergent sense (think Arzela—-Ascoli). This
means that multiple tangent flows could exist for a given singularity.

Suppose tangent flows were not unique, and we have multiple (possibly wildly different) tangent
flows to model the same singularity. How could we then claim to really know what the singularity
looks like? Which tangent flow models the singularity most accurately? Have we really magnified
in way that gives an informative picture of how the singularity forms? Thus, in an ideal world,
uniqueness of tangent flows is something that holds true. Whether or not this ideal is realised is
a fundamental problem with far-reaching implications.

The earliest results on uniqueness of tangent flows are due to Gage-Hamilton—Grayson [GH86,
Gra87] and Huisken [Hui84], respectively for mean curvature flow in R? (the curve shortening
flow) and for convex mean curvature flows in R"*!, n > 2. In fact, they proved that all tangent
flows are spheres in these cases. More generally, tangent flows come in many different shapes and
forms, making uniqueness much harder to prove. In a culmination of efforts made by [Sch14]
and Colding-Minicozzi [CM15], alongside many precursors, uniqueness of tangent flows was
finally proved for mean convex mean curvature flows in all dimensions. The ultimate goal of this
thesis is to prove this result — a major accomplishment in the field.

Theorem 1.1 ([Sch14,CM15]). Every tangent flow associated to a mean curvature flow of compact,
embedded, mean convex hypersurfaces is unique.

We will state a stronger, more precise version of this in Theorem 3.31, which additionally classifies
all possible tangent flows that could arise.

In fact, the way Theorem 1.1/3.31 is proved gives an even more powerful result: all tangent
flows in ‘most’ mean curvature flows are unique. This is made precise through the notion of
generic mean curvature flow put forth by Colding and Minicozzi in [CM12]. We will not establish
this result in full, but it will be discussed briefly in the final chapter.

1.1 Outline of the thesis

This thesis is written for a reader who is familiar with the fundamentals of Riemannian geometry
and functional analysis, and has a passing acquaintance with partial differential equations. No
prior knowledge about mean curvature flow is assumed. This thesis is also intended to be useful
to specialists who seek to comprehend this small corner of the literature.

In §2, we lay out the necessary geometry and analysis background for later chapters. This also
serves as an opportunity to declare our notation and conventions.

In §3, we introduce the mean curvature flow of Euclidean hypersurfaces and formalise the blowup
procedure outlined above. We make the connection between tangent flows and shrinkers, and
motivate the study of uniqueness of tangent flows.
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In §4, we begin our quest to prove Theorem 1.1/3.31. After introducing some relevant machinery,
we prove the classification result of [CM12]: the only embedded, mean convex shrinkers with
polynomial volume growth are spheres, cylinders and hyperplanes.

In §5, we motivate the use of Lojasiewicz inequalities to study uniqueness of tangent flows. We
then follow [Sim83a] and [Sim96] in proving the Lojasiewicz—Simon gradient inequality. Lastly,
we use this to prove the uniqueness of all compact, embedded tangent flows [Sch14].

In §6, we prove the uniqueness of cylindrical tangent flows. This result is due to Colding and
Minicozzi [CM15], but our treatment also draws from [Man14, CIM15, CM19b, Zhu20]. We
acknowledge helpful suggestions provided to us by Jonathan Zhu.

In §7, we survey the current state of knowledge regarding uniqueness of tangent flows and other
related aspects of mean curvature flow. We also outline some applications of the results presented
and identify potential avenues for further work.

There are two appendices consisting of technical computations and estimates. These are well-
known to experts, but are often employed in the literature without a reference. We included
them to hopefully make the proofs accessible to a wider audience.

The key results presented in this thesis are not original. However, the road to establishing them
is dotted with original contributions, chiefly in exposition, reorganisation of material, and added
detail to proofs. Where there are gaps and/or inconsistencies in the original sources, we do our
best to correct them. These corrections use ideas from other papers as well as ideas of our own.
As a result, some of our statements and proofs are quite different from the original ones (this
mostly occurs in §6). We will highlight these differences along the way.



Chapter 2

Preliminaries

Unless otherwise specified, all manifolds are smooth and orientable without boundary, and all sec-
tions of vector bundles are smooth. We also adopt Einstein summation convention in which repeated
indices are implicitly summed over.

2.1 Geometry of Euclidean hypersurfaces

The concepts in this section are explained in depth in most Riemannian geometry textbooks, e.g.
[Lee18]. See [ACGL20, §5] for a setup similar to ours but carried out in greater detail. Our sign
conventions however follow Colding and Minicozzi in [CM12,CM15].

The main objects we study are immersed Euclidean submanifolds of unit codimension. Thus,
we let M be an n-dimensional manifold immersed by a smooth map ¢ : M — R"*!; that is,
the differential del, : T,M — T, R"*! = R"*! is injective for all p € M. Oftentimes we will
require ¢ to be an embedding, i.e. an immersion that is a homeomorphism onto its image. In
both the immersed and embedded cases, we call (M) a hypersurface.

Define a metric g on M by pulling back the Euclidean inner product (-, -) by ¢, so that g(X,Y") =
(dp(X),dp(Y)) for X, Y € T'(TM). Often we also take (-,-) to also mean g(-,-) when there is
no ambiguity. Taking local coordinates {z‘}"_, around p € M, we obtain a local tangent frame
{% n_, and cotangent frame {dz'}? ;. Thus, g is given in components by

_ (0 O N\N_ /9 9p
99 =9\ 020 927 ) ~ \ oz’ 03 /]
Op

where 7% stands for d( ai :). More generally, a tensor field T € T'(TM®* @ T*M®') on M, also

called a (k, 1)-tensor, is expressed in components by

T=T""* Rdx’t @ - @ da’t.

Jidl i

Ox'x

We extend ¢ to a metric on (k,[)-tensors by setting

— g J1q1 191 Q41 ik p1 Pk
9(S,T) = Givpy *+ Girpp 01 g7 S VTR

4



2.1. Geometry of Euclidean hypersurfaces 5

where g% are the elements of the inverse of g when written as a matrix (g;;). Every tensor thus
has a norm |T| = ¢(T, T)"/2. These quantities are independent of the choice of local chart.

The Riemannian volume form on M induced by ¢ (and thus ¢) is given locally by
det(gij) dz* A ... A dx™,

and the associated Riemannian measure on M is given locally by p = \/det(g;;)L", where L" is
the Lebesgue measure on R".

We will be integrating extrinsically defined quantities over M. For a smooth function f : U — R
with (M) C U C R, define [}, f(z) du by

/M f(z) dMZ/M(fw)(p) duzL(M)de”,

where H" is the n-dimensional Hausdorff measure on R"*! (the second equality is the area
formula; see e.g. [Sim83b, §8]). Thus, x on the left-hand side is understood to mean ¢(p). When
considering a family of immersions {¢;} of M, we write du, in place of du to clarify which
measure is integrated against. We omit du, when only one immersion is at play. In any case, the
meanings of these notations will be clear from context.

The image of dy : TM — ¢*TR™*! is the tangent subbundle of the pullback bundle *TR"*1,
whose fibrewise orthogonal complement is the normal bundle NM = (dp(TM))*. Hence,

©* TR = dp(TM) & NM. 2.1

Since M is orientable, N M is a trivial bundle and we let n € I'(N M) be the outward-pointing
unit normal vector field on M.

Denoting by V the Euclidean connection (directional derivative) on TR"*!, the map ¢ induces
a pullback connection ¥V on ¢*TR"*! defined by

¥V : TM x P(QO*TRnJrl) — QO*TRHJFI, wﬁv(@*z) = vd<,0(v)Z7

for any Z € T(TR"*!). Now let X,Y € I'(TM). Then dp(Y) € T'(¢*TR"*1) at least locally, so
¢Vx(dp(Y)) € T(p*TR™1). By (2.1) and the nonvanishing of n, we can uniquely decompose

Vx(dp(Y)) = dp(VxY) + A(X,Y)n,

with VxY € I'(TM) and A(X,Y) € C*>°(M), at least locally. Then V defines an affine connection
on T'M, in fact the Levi-Civita connection of (M, g). Meanwhile, A € T'(T*M @ T* M) defines the
second fundamental form of M, which is a symmetric (0, 2)-tensor. By convention, the components
of A are denoted h;;. Using the musical isomorphism §,, : 7y M 5 T,M, we lift A toa (1,1)-
tensor Af with components h;'- = g'*hy;. Being symmetric, At is orthogonally diagonalisable at
each point with minus its eigenvalues called the principal curvatures. The mean curvature function
H € C>(M) is minus the trace of A*, that is

H= —h; = —gijhji = —gijhij.

In other words, H(p) is the sum of the principal curvatures at p.
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Let Ffj denote the Christoffel symbols of V in local coordinates. The Weingarten relations read

0% i Op on 1s 0@
LA s A ey i s 2.2
OxtoxI i gk T O’ 19 s (2.2)
Taking inner products with n in the left-hand equation gives a formula for A;;,
0% on 0Oy
jy = - . ~ = — P — e . 2.
his <n, 0tz > <8a:“ dxd > (2.3)

The connection V on 7'M naturally induces connections (also written V) on tensor bundles of
TM and T*M. We view V as a covariant derivative operator taking (k,!)-tensors to (k,l + 1)-

tensors. For a tensor 17" = T;lljll’“, the components of V71" are written VsT;f;f = (VT);l“zl We

can also form the iterated covariant derivatives V" which take (k, [)-tensors to (k,l + m)-tensors.
Likewise, the components of V™T are written Vy, - -~V T;1 " = (V) ¢ L

The gradient of a function f : M — R, divergence of a vector field X € I'(T'M) and Laplacian of
a tensor 7T are defined respectively by

Vf=(df)f, ie g(Vf(p),v)=dfp(v) YveT,M, Vpe M,
divX =trVX = V, X',
AT = tr V*T = ¢V, V,T.

The Hessian of f is the (0, 2)-tensor V2f.
Of great importance will be the Codazzi equations and Simons’ equation [Sim68],

Vihjk = Vjhg = Vihij, (2.4

Ahij = —V,;V;H — Hhyg"hsj — | A*hij. (2.5)

We also need the first variation formula for area:

Proposition 2.1 (First variation). Let ¢ : M — R"*! be an immersion, and ¢; : M — R"*L

t € (—e, ) be a smooth one-parameter family of immersions with ¢y = ¢. Let X = %‘t:o be the
variation vector field along M. If y; is the Riemannian measure on M induced by ¢y, then
d
— dpy = H (X, n) du. 2.6
dt‘t:O pe = H (X, m) dp (2.6)
If K C M is compact, then since Area(K,t) = H" (i (K)) = [, du, this gives
d
—| Area(K,t)= [ H(X,n)dpu. 2.
]y Arealt) = [ (o) 27)

The formula (2.7) shows that —Hn is the negative L?(u)-gradient of the Area functional. For all
variations such that the variation field X has L?(u K )-norm ( [, H2dp)'/?, it is X = —Hn that
yields the fastest instantaneous decrease in the area of K. This is the starting point for the mean
curvature flow, which is formally introduced in §3.

2.2 Analysis on Riemannian manifolds

In this section, (M, g) is a Riemannian manifold with Levi-Civita connection V. General refer-
ences for the material of this section are [NicO7] and [Eval0].
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2.2.1 [P, Sobolev and Holder spaces

Let E be a real vector bundle over M with metric ~ and compatible connection V. Note that
V stands for both the connection on 7'M and on E, but there will be no ambiguity in which
connection ought to be used. The metrics g and h induce metrics on tensor bundles of the form
T*M®* @ E; we also denote these by h. Likewise, these tensor bundles have natural connections
V induced from the connections on M and on E.

For 1 < p < oo and a measurable section v : M — E, define

{ar lulp 37 if 1 <p < oo,
HUHLP(E) = .
esssupyeyy [u(@)ln  ifp= oo,

where | - |, = h(-,-)'/2, and integration takes place against the Riemannian measure of (M, g).
We define LP(E) to be the Banach space of measurable sections of F for which this norm is finite,
modulo sections which agree a.e.. The space L?(FE) is a Hilbert space with inner product

(W, v) 2y = /M h(u,v).

Next, we define the Sobolev spaces. For k € N, let (V*)* be the L?-formal adjoint of the operator
V¥, which is defined by requiring that

/ h(VFu, ) = / B(u, (V%)) 2.8)
M M

for all compactly supported smooth sections u € I'.(E) and ¢ € T'.(T*M®* @ E). For example,
the divergence operator is minus the L?-formal adjoint of the gradient operator, since

/ (VX / FdivX, VfeC®(M)=Tu M xR), X € T.(TM), (2.9)
M

by Stokes’ Theorem (recall M has no boundary).

We use this to define weak derivatives. Let L}, (FE) be the space of locally integrable L' sections
of E, i.e. those in L!(E|f) for every compact K C M. In close analogy to (2.8), for u € L}, (E)

and v € L} (T*M®* ® E), we say that v is the k-th weak derivative of u if

/h(v,w):/ h(u, (VFY*), W e T (T*M®* @ E).
M M

It can be shown that a weak derivative is unique if it exists, so we write V*u for the k-th weak
derivative of u. For k € N and p € [1,00), the Sobolev space W*?(E) consists of sections
u € LP(E) such that V/u exists and belongs to LP(T*M®} @ E) for each j = 1,...,k. It is a
Banach space with the norm

1/p

||U||Wkp ZHV UHLP (T*M®IQE) )
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where the induced metric h is used to evaluate the LP(T*M®/ ® E) norms. We also need that
W*2(E) is a Hilbert space for each k, with inner product

k
(u, U>W’“72(E) = Z <V]“v VJU>L2(T*M®J®E) )
§=0

Finally, we define C* and Hélder spaces. For k € Ny, let C*(E) be the space of sections of £
whose (strong) derivatives of order < k exist, and are all bounded and continuous. It is a Banach
space with norm

k
||U”(Jk(E) = Z Hv]uHLoo(T*M(X)J®E) :
j=0
Assuming M is complete and has positive injectivity radius p, let po = min{1, p} and define (for
0 < a < 1) the a-Holder seminorm of a section u by

P,
[u]a;E — sup |U(CU) ,yu(y)’h?
z,yeM Cl(CC, y)a
0<d(z,y)<po
where P, , is the (E, V)-parallel transport from the fibre above y to the fibre above z, and d(-, -)
is the distance on M. Then C*(FE) is the Banach space of sections in C*(E) for which the norm

HUHC”“’“(E) = HUHck(E) + Wku]a;T*Mm@E
is finite.
When we write LP(M), W*P(M) or C*(M), we are referring to spaces of real-valued functions

on M, i.e. the spaces defined above where £ = M x R is the trivial bundle. We will simply write
LP, WkP and C** when there is no ambiguity as to which vector bundle is at use.

2.2.2 Calculus on Banach spaces

Let U and V be Banach spaces, and denote by B(U, V) the Banach space of bounded linear
operators from U to V endowed with the operator norm. The linearisation (or Fréchet derivative)
ofamap f: U — V atu € U, if it exists, is a bounded linear operator df|,, € B(U, V') such that

flu+h) = f(u) +dfu(h) + o(||h])-

The Hessian of f at u is the linearisation of the map U — B(U,V), z + df|, at . Thus it is an
operator d? f|, € B(U, B(U,V)), and it is customary to make the identification B(U, B(U,V)) =
B(U xU, V) whereby d? f|, becomes a bilinear map. Defining higher derivatives similarly, one has
Taylor’s theorem which says that if f is n+1 times continuously differentiable in a neighbourhood
of u, then for ||h||,; small there exists ¢ € (0, 1) such that

1
(n+1)!

Flut h) = F()+ 30 midt Flh) e d o (07, (2.10)
k=1 "

where h* stands for the k-tuple (h, h, ..., h).
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Let V be the gradient operator on (M, g). We encounter functionals £ : C'(M) — R of the form

E(u) = ME(p,u(p%VU(p)),

where E is a smooth function of (p, ¢, z) where p € M, g € R, and z € T,M.! The Euler-Lagrange
functional of £ with respect to an L? structure on M is the operator M : C*(M) — C%(M)
defined by

d
- <Mu7 v)LQ = %

that is the negative L2-gradient functional of £. For any u € C?(M), the linearisation L,, = DM|,
is a symmetric operator (see §2.2.3) since

_Os(u +sv), Vv e C*(M), (2.11)

d2

(M(u+ SU),U))LQ = M

E(u+ sv+tw) = (v, Lyw);2.  (2.12)

(Lyv, w) 2 -

- ds 1s=0

Appendix A contains some calculations regarding M and L which find use in the thesis.

2.2.3 Ordinary and partial differential equations

Let L be a second-order linear partial differential operator on M. That is, L acts on a (weakly)
twice-differentiable function u locally by

Lu= aijViVju + bV u + cu,

where a%, b and c are coefficient functions in a chart, and "/ = a7*. We say that L is (uniformly)
elliptic if there exists C > 0 such that for all p € M and § € T; M,

a’(p)&i&; > ClE,

where |¢| uses the norm on 7* M induced by the metric on M. It can be shown that the left-hand
side is chart-independent, so ellipticity is a well-defined notion.

As in (2.8), L has a unique formal adjoint L*, defined by requiring that

/M(Lu)v _ /M w(L*), Yo e Co(M).

If L = L*, then L is symmetric. We now state some standard results in elliptic theory. For
Theorems 2.2-2.4 below, we assume that M is compact without boundary and L is symmetric
and uniformly elliptic with smooth coefficients.

Theorem 2.2. L has discrete spectrum with finite multiplicity on W22, and W??2 is spanned by a
complete basis of smooth L?-orthonormal eigenfunctions of L.

The next two theorems concern solutions u to the elliptic equation Lu = f, where f is a given
function. This includes weak solutions, which are those which satisfy

/M fo= /M w(Lv),  Yuve C®(M).

We write K for the kernel of L, and K for the L?-orthogonal complement of .

'That is, (g, z) — E(p, g, z) is smooth for each p € M, and (p, q¢) — E(p, ¢, X,,) is smooth whenever X € I'(TM).
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Theorem 2.3. Let f € L% Then Lu = f has a weak solution v € W22 ifand only if f € K. Ifa
solution exists, then there is a unique weak solution in W22 N K.

Theorem 2.4 (Schauder estimates). Suppose v and f are such that Lu = f, and « € (0, 1).
() If f € C*?, then u € C*+2% and there exists a constant C such that

[ullgrtza < CUIS llore + lullgo.)-

(ii) If u € C**t2:2 N KCL, then there exists a constant C such that

Jullcrsza < Cllfllora -

The same conclusions hold if we replace C**2%% and C* with W**+22 and W2, respectively.

For the next theorem, we make two changes. Firstly, we allow u, the coefficient functions of L,
and the metric g to be time-dependent. This causes the spatial derivatives V; to also be time-
dependent, as they depend on g. Secondly, we allow L to have a nonlinear reaction term. Our
statement comes from [Manl1, Theorem 2.1.1] and [ACGL20, Corollary 1.4].

Theorem 2.5 (Parabolic maximum principles). Let g(t), t € [0,T) be a family of Riemannian
metrics on M, smoothly time-varying in the sense that the components g;;(p,t) are smooth functions
in some (hence any) local coordinates. Suppose u : M x [0,T) — R is smooth and

O < aV,Vju+b*Vau + F(u),

where a¥, b* are smooth functions of (p,t) € M x [0,T) and F : R — R is locally Lipschitz.
Moreover, suppose that a”/ = a’%, and there exists C > 0 such that a"(p,t)&;&; > C|¢J* for all
peM,{e€TyMandt € [0,T). Then the following hold:

(i) The function umax(t) = maxpens u(p, t) is locally Lipschitz, hence differentiable at almost every
time t € [0,T) and at every differentiability time,

dupmax(t)

o < F(umax(t)).

(i) If T <Tand h : [0,T") — R solves the initial value problem
W (t) = F(h(t), h(0) = umax(0),
thenu < hin M x [0,T").
(iii) If M is connected and umax(7) = h(7) for some T € (0,T"), then uw = hin M x [0, 7].
The same conclusions hold if we replace umax With umin and reverse the appropriate inequalities.

Remark 2.6. Part (iii) of the above theorem is the strong maximum principle. For this it suffices
that M is connected and the maximum is attained; compactness is not required.

Finally, we need a basic result concerning ordinary differential inequalities.

Lemma 2.7 (Gronwall’s lemma). Let u and (3 be real-valued continuous functions defined on an
interval [a,b) where a < b < oo. If u is differentiable a.e. on (a,b) with u'(t) < S(t)u(t), then

u(t) < ula)exp {/:/3(3) ds} . Vte(ab).



Chapter 3

Mean Curvature Flow and Blowups

In this chapter, we introduce the mean curvature flow and the blowup procedure for singularity
analysis. We have reorganised what is available in various books and lecture notes (e.g. [Man11,
ACGL20]), presenting only what is needed for our forthcoming analysis. We will not give full
proofs for all statements in this chapter; these are found in the aforementioned texts. We conclude
by discussing the uniqueness of tangent flows problem and its importance in singularity analysis.
We also recommend [CMP15] for a wonderful non-technical survey of mean curvature flow.

3.1 The mean curvature flow

Mean curvature flow (MCF) is a dynamical system whereby a hypersurface evolves to locally
decrease its area as rapidly as possible. If M is an n-dimensional manifold and ¢ is a time-
dependent immersion of M into R"*!, then by Proposition 2.1 the area of M locally decreases
as rapidly as possible when the variation field is — Hn. We use this to define the mean curvature
flow of M.

Definition 3.1. Let / C R be an interval. A one-parameter family of immersions ¢ : M x I —
R"*! is a solution to mean curvature flow (MCF) if it satisfies

0
5y (p.1) = ~H(p.)n(p.1). (3.1
The true objects of interest are the images ¢, (M) = (M, t), which are invariant under tangential
diffeomorphisms of M. For this reason, we will allow %—f to possess a tangential component in
addition to (3.1), and this leads to a more general definition of MCF.

Definition 3.2. If ¢ : M x I — R"*! is a family of immersions satisfying

<%f(p,t),n(p,t)> = —H(p,1), (3.2)

then we still consider ¢ to be a solution to MCF. Taking this further, a one-parameter family of
hypersurfaces {3;};c; in R"*! is said to flow by MCF if there are immersions ¢; : M — R"*! of
a smooth n-manifold M satisfying ¢(M) = ¥; and (3.2).

11
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Minimal hypersurfaces (those with H = 0) are stationary under MCF. As for nontrivial solutions,
we can explicitly write down a few:

Example 3.3. Let S]' be the n-sphere of radius . Then the shrinking spheres {S\n/m}te[o,r? /2n)
flow by MCF. To see this, one can use the explicit parametrisation

2
p: ST X [0, ;1) — R o(p,t) =12 —2nt-p.

Equation (3.1) is easily verified since H(p,t) = n/v/r? — 2nt and n(p,t) = p. The maximal time

. . 2 . .
of existence is 5., when the sphere collapses to a point (one says the flow becomes extinct).
k

Generalising this, the shrinking cylinders {S e < Rn_k}te[o,ﬂ /2k) flow by MCF, with

2
©: ST x Rk x [0,

2k> S RFFURYF =R o(p,at) = (Ve — 2kt - p, @),

Example 3.4. The Grim Reaper solution is the one-parameter family of translating plane curves

™ T
,y) €ER? |y =t +logsec, z € (——,—)} .
{(w Y) |y gsecr, T 5 9) fen

Being defined for all ¢ € R, this is an eternal solution.

Figure 3.1: Simple solutions to mean curvature flow. (a) A shrinking sphere, (b) a
shrinking cylinder, (c) the translating Grim Reaper.

Besides these, explicit solutions are in shortage. This urges the development of a short-time
existence theory, which would guarantee the existence of a solution given an initial immersion
of M. Note that the MCF equation (3.1) is formally similar to the heat equation, since by (2.2),

O _ %y O

T - —dUh.n = g9 _ Tk 2
ot Hn=g%him =g <8xi€)xj Y Ok

) =g7ViVip = Ap. (3.3)
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However, A is time-dependent since its coefficients ¢/ depend on ¢;, and this renders the PDE
(3.3) degenerate parabolic (see [Zhu02] or [ACGL20]). Standard parabolic theory cannot apply
to give short-time existence, but it turns out the degeneracies all incarnate in the tangential
directions. Using this and the DeTurck trick, we can turn the more general MCF equation (3.2)
into a parabolic system, which gives short-time existence at least when M is compact.

Theorem 3.5 (Short time existence). If M is compact and v : M — R™*! is an immersion, then
there exists a solution ¢ to (3.2) defined on a positive interval with ¢(-,0) = 1. Moreover, ¢ is
unique up to reparametrisation at each time. We call ¢ the MCF with initial condition ).

The MCF ‘of” a compact, embedded hypersurface ¥ is the MCF with initial condition ¢, where
¢ : 3 < R is the inclusion. Next, we record two foundational theorems and a corollary.

Theorem 3.6. The MCF of an embedded hypersurface ¥ C R™*! remains embedded at all times.

Theorem 3.7 (Avoidance principle). If 1 and X5 are disjoint compact hypersurfaces in R+,
then the MCFs of Y1 and Yo remain disjoint whenever both flows are defined.

Corollary 3.8. The MCF of a compact hypersurface ¥ C R™"*! exists only up to a finite time.

Proof. Let S be a large sphere centred at the origin strictly enclosing . By Example 3.3, the
MCF of S exists for a maximal time interval of length r2/2n. By Theorem 3.7, the MCF of ¥
ceases to exist at or before this amount of time has elapsed. O

This shows that singularities are inevitable in compact MCF (i.e. when M is compact), so we
have no choice but to study them. The central object is the singular set S, the set of points in
R+ where singularities appear (we will define this precisely later). For shrinking spheres and
cylinders in R?, S is a point and a line respectively. Does S always take on a nice geometry, or
could it be structured wildly? What is its dimension and degree of regularity? We can also ask
about local properties of S: for example, how does an MCF behave near a singular point p € S
as the singular time is approached? What implications does this have on the geometry of S near
p? These questions guide much of today’s research in singularities of the flow.

Shrinking spheres and cylinders are prototypes of self-shrinking MCFs — solutions that contract
around a point in R"*! up to reparametrisation. Because (3.2) is invariant under rigid spacetime
translations, understanding all self-shrinking MCFs is a matter of understanding the hypersurfaces
which generate a shrinking flow around the origin for time one. Such hypersurfaces are called
shrinkers, and they are expected to exist in large numbers; nontrivial constructions in R? include
Angenent’s shrinking torus [Ang92] and those considered by Nguyen [Ngul4]. The eager search
for shrinkers traces back to a classic result of Huisken ([Hui90]; see Theorem 3.27), which
reduces the study of singularities in MCF to that of shrinkers. Hence, it is beneficial to have
multiple characterisations of shrinkers, which the next theorem establishes.

Theorem 3.9. The following are equivalent for an immersion ¢_1 : M — R"" with H not
identically zero.

(i) @_1 immerses a shrinker. That is, there exists an MCF ¢ satisfying

w - M % [_170) — RnJrl? Sp(pvt) = f(t)SO—l(p)a (34)
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where f is a smooth positive function with f(—1) =1, f'(t) < 0 and limy » f(t) = 0.
(ii) There exists an MCF ¢ : M x [—1,0) — R""! satisfying ¢(p,t) = v/—t - p_1(p).
(iii) The identity H (p) = *£=22-2®) holds for all p € M.

Proof. (i) < (ii): Suppose (i) holds. By (3.2), for any p € M we have
(f'(t)p-1(p),n(p,t)) = (Bpp(p, t),n(p, 1)) = —H(p,t) = —— 1~

so (0y(f(t)?),n(p,t)) = (f()f'(t)p-1(p),n(p,t)) = —H(p,—1). Note that n(p,t) is actually
independent of ¢ by (3.4). Assuming p is a point where H(p,—1) # 0, we must then have
9:(f(t)?) independent of ¢ as well. Using the Taylor series of f? around ¢t = —1, we get that
f is of the form f(t) = y/c+ a(t+ 1) for some constants ¢, «. Substituting f(—1) = 1 and
limy o f(t) = 0 gives f(t) = \/—t, which is (ii). Meanwhile, (ii) = (i) is immediate.

(ii) < (iii): If (ii) holds, then by (3.2) we have

H(pt) = = Qeplp () = {5 7= - e-a(pm(p0) ).

Putting t = —1 yields (iii). Conversely, if (iii) holds, then setting ¢ (p,t) = v/—t - ¢_1(p) we have
n(p,t) = n(p,—1), so

<at(p(p,t),n(p, t)> = <_2\/1jt ) g0_1(p),n(p, _1)> = —\/%H(p, _1) = —H(p,t),

It follows that ¢ is an MCF with initial condition ¢(p, —1) = p_1(p). O

Remark 3.10. Although Theorem 3.9 assumes H does not identically vanish, the minimal hy-
persurfaces H = 0 are easily handled in our applications. We will therefore call any hypersurface
satisfying H (p) = @;W a shrinker.

For an embedded hypersurface > ¢ R™*!, the implied immersion is the inclusion map, so by the

above theorem, ¥ is a shrinker if and only if H = @2711) forall x € X.

3.2 Evolution equations and consequences

In this section, we derive evolution equations of key quantities and use these to deduce basic
properties of MCF. To make sense of the next lemma, if 7" is a tensor with time-varying compo-
nents T;ll;l’“ (t), then its time derivative is a tensor 9,7 with components (8,5T)§11','.'.?; = c’*)t(lel,','.'j’:lk').
The notation S * T between tensors refers to a contraction of the tensors, possibly involving the
metric. We later need that |S « T'| < C|S||T|, where C' depends only on n and the structure of

the contraction, and in particular not on p € M.
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Lemma 3.11. A mean curvature flow ¢ obeys the following evolution equations:

Og=2HA, 0,” =—-2HhY, Omn=VH, (3.5)
A =—V2H+ A’H = AA +2A%H + |A|?A, (3.6)
AP = AJA]2 = 2|VA 4 2|A]%, (3.7)

OH = AH + |A*H, (3.8)

| VEA2 = A|VF A2 — 2| VA2 + > VPAxVIAxV'AxVFA.  (3.9)
ptg+r=Fklp,q;reN

Here we define h'l = g**¢/'hy; and (A?);; = hijg'*hs;.

These standard computations can be found in [Zhu02] and [Man11] (beware of sign conven-
tions). We derive (3.5), (3.6) and (3.8), in fact in a more general setting:

Lemma 3.12. Let g : M — R"*! be an immersion, and {®t}te(—c,¢) be a normal variation of g
where each ; : M — R is also an immersion. Write a‘pt ‘ o = [m for the variation field along
M, where f : M — R is smooth. Then the following evolutlon equations hold at t = 0:

Oig = —2fA, 8¢ =2fhY, Gn=—V/, (3.10)
A =V2f — A%f, (3.11)
OH = —Af — |A]*f. (3.12)

Proof. In this proof, all partial derivatives with respect to ¢ are taken at ¢ = 0. Keeping in mind
the Weingarten relations (2.2), the metric evolves by

9 0 [Op Opr\ _ /O(fn) Opg N dpo O(fn)
o7 = 9 \ow 01/ ~ \ 0zt 0u 92" Opi

dpo Do o o

_ s YO0\ ls — o ls s
<fhzlg o1 Oxd Ozt 7f 519 oS fhzlg Gsj fhjlg Gis
= —2fhyj,

that is 0;g = —2f A. Next, differentiate ¢/ = ¢**g,¢" to get
019”7 = (0:9")gs19” + 9" (Or95)9” + 9" 9:1(0e9"”) = 20:9” + g (Dr951)9"

Hence,
0197 = —g" (Orgs)g” = 2" hag? = 2fhV. (3.13)

The a—“"Q—component of the time derivative of n is
n 9o L P\ aUm)\ _ of
ot’ ozt ) ™ otowi | T oxt ) Oxt

so Oyn = —V f. This proves the three equations in (3.10). Using these and (2.3), we compute

g, 0 o \ &g 9*(fn)
Bl = at<“’axia J‘> _< Vi Srion J>+<“’a iaxj>

_ Af 0v0 15 1 90 >’f 153900

- <8xl gas 9 Vi gk TR ) T 5o T (3.14)
_Of Lk s Of s, O f

= —@szg skt 55 JThighs; = riond : — fhag'h

=V,V;f — fhag“hs;,
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which is the ij-component of V2 f — fA2. This is (3.11). Finally, (3.13) and (3.14) give
OH = 0(—g"hij) = —2fh'hij—g" (ViV; f— fhag'hs;) = —2f|AP=Af+fIA? = —Af—| A%,

which is (3.12). O

Partial proof of Lemma 3.11. Equations (3.5), (3.6) and (3.8) are immediate from Lemma 3.12
by substituting f = —H and shifting in time to get the evolution equations for all times ¢. The
second equality in (3.6) follows from the first using Simons’ equation (2.5). O

The next three results highlight some geometric consequences of Lemma 3.11.
Proposition 3.13. If the initial hypersurface is compact and mean convex (i.e. H > 0 everywhere),

then every timeslice of its MCF has H > 0. (Thus we may speak of ‘mean convex MCF’.)

Proof. For a contradiction, suppose Hy,i, < 0 at some time. By the continuity of Hy,;, and the
initial mean convexity, there is a time interval (¢;, t2) in which Hy,i, () < 0 and Hy,in(t1) = 0. Let
|A|? < C in this interval; this is possible by the compactness of M. Combining with (3.8) gives
O.H < AH + CH, so by the maximum principle (Theorem 2.5),

athin Z CHminy tc (tl,tQ) a.e.
If s € (t1,t), then applying Lemma 2.7 in the interval [s, t3) gives Huyin(t) > €275 H . (s).

Sending s \ t1, we get Hy,n(t) > 0 for all ¢ € (¢, t2) which is a contradiction. O

The next result says that when a compact MCF approaches its maximal time 7' (which is finite
by Corollary 3.8), it experiences curvature blowup. We skip the proof, instead referring readers
to the references given at the beginning of this chapter.

Theorem 3.14 (Long time existence). If M is compact and ¢ : M x I — R"*! is the MCF of M
defined up to a maximal time T < oo, then

li A(p. 1) = oco.
tlfn%ggﬁl (p,t)] = o0

The next proposition quantifies Theorem 3.14, giving a lower bound for the curvature blowup
rate. This bound is sharp; it is attained by shrinking spheres and cylinders.

Proposition 3.15. Let the MCF of a compact hypersurface be defined up to a maximal time T. Then

1
max |[A(p,t)] > ——.
pEM 2(T —t)
Proof. Write |A|2 . = maxpyenr |A(p)|*. The evolution equation (3.7) for |A|? implies
Ol Al < 2/ Al o (3.15)

at all times, since A|A|? < 0 at the spatial maximum of |A|?. Note that |A|2,,, is always positive,

max

else A is identically zero and M is a hyperplane, contradicting the compactness assumption. So
we can divide (3.15) by |A[% .., which gives

max?

— 0] Al < 2- (3.16)
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For any times ¢, s with ¢t < s < T, integrating (3.16) over |t, s] gives

‘A(at)’;lix - ‘A(a S)’r;ix < 2(8 - t)

Sending s — T, the second term on the left vanishes by Theorem 3.14 and we are left with

’A('vt) < 2<T_t)7

|72
max

which is the result. O

3.3 Blowup limits for singularity analysis

In this section, we carry out a blowup procedure to facilitate analysis of the singular set S of an
MCF. We will magnify around a point p € S while approaching the singular time, and extract a
limit hypersurface which models the singularity forming at p. We need to address two key issues:

* We need a suitable notion of convergence of hypersurfaces which captures the geometric
nature of the problem. Moreover, this should admit a compactness (i.e. Arzela-Ascoli type)
theorem to guarantee the existence of a limit hypersurface under mild conditions.

* The rescaling should be performed in such a way that the conditions of said compactness
theorem are satisfied. In particular, we must rid the curvature blowup from Theorem 3.14;
doing this necessitates an ad hoc assumption, the Type I hypothesis. In §3.3.3, we outline
how one removes this troubling assumption to get convergence more generally.

3.3.1 A compactness theorem for submanifolds

This subsection is based on [ACGL20, §11]. See also [AH11, §8] and [Bak] for more details on
convergence of Riemannian manifolds and compactness theorems.

The appropriate notion of convergence for MCF blowup analysis is smooth convergence on compact
subsets for a sequence of smooth immersions. Recall that an exhaustion of a manifold M is a
sequence {U;};cry of open sets in M such that U; CC U;, for each k and M = J;,cy Us.

Definition 3.16. A sequence of immersions ¢; € C*° (M, R"*1) of a manifold M converges to a
limit immersion ¢ € C°°(M,R"*!) of a manifold M smoothly on compact subsets of R"*! if two
conditions hold:

(1) There is an exhaustion {U,};cn of M and a sequence of embeddings ; : U; — M such
that for each compact subset K C M and each k € Ny, the sequence of immersions
Uik - UiN K — R converges in CF(K,R"!) to ¢|x : K — R

(2) For each R < oo, there exists ig € N such that ¢ ¢;(U;) N Bg = ¢;(M) N B for all i > ip,
where By, is the ball of radius R in R**! centred at 0.

With this definition, M and M can be topologically distinct. To illustrate why this is useful for
geometric problems, consider a sequence of embedded circles of increasing radius,

oSt C2R?, ¢p(e?) = k- (e +1),
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as in Figure 3.2. It can be shown that ¢;, converges to the inclusion ¢ : R < C in the sense of
Definition 3.16, as it intuitively should. On the contrary, we cannot get a limit immersion in the
sense of functions; for example, ¢ does not converge to an immersion in C°°(S*, C) since S*
cannot immerse onto the entire horizontal axis.

This notion of convergence also admits a compactness theorem which guarantees subconvergence
to a limiting immersion ¢ : M — R™1,

Figure 3.2: Circles of increasing radius converge to the horizontal axis in the sense of
Definition 3.16, but not in C*°(S!, C). Adapted from [ACGL20].

Theorem 3.17. Let ¢; : M — R"™*! be a sequence of smooth immersions of a smooth, connected,
compact manifold M, and suppose the following hold.

(1) There is a sequence of points x; € M and a constant A < oo such that ¢;(x;) € By for all i.
(2) For each m € Ny, there exists a constant C,,, < oo such that

V7 A; ()], < Co
gg}‘}jlz (P)lg; <

for all i, where A;,V; and g; are the second fundamental form, Levi-Civita connection and
induced metric on M via ¢; respectively.

(3) Forevery R < oo there exists Cr < oo such that
H"(BrN ¢i(M)) < Cr
for all i.
Then there exist a smooth n-manifold M, a smooth proper immersion ¢ : M — R and a
subsequence of {¢; }ieny which converges smoothly on compact subsets of Rt to ¢.
3.3.2 The rescaled flow and convergence

For the remainder of this chapter, we assume M is compact. Given an initial immersion ¢y, the MCF
@ : M x [tg, T) — R is uniquely defined up to time T' < oo by Theorem 3.5 and Corollary 3.8.

o . . 1 . . .
Proposition 3.15 gives a curvature blowup rate of at least NeER Following Huisken [Hui90],
we shall assume this bound is tight in that there exists K < oo such that

1 K
—————— < max|A(p,t)| < ——. (3.17)
2(T —t) — peM 2(T —t)

This is called the Type I hypothesis, and we say that the MCF is of Type I (or develops a Type I
singularity). This is an ad hoc assumption whose sole purpose to make (i) of Theorem 3.17 hold
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when invoked. Accordingly, a special singular point is a point p € M such that for some fixed
0 > 0 and sequence of times ¢; — 7" we have

‘A(p,tiﬂ > m

Remark 3.18. The Type I hypothesis does not immediately imply the existence of a special
singular point. On the other hand, it implies the existence of a singular point, which is a point
p € M such that there is a sequence of points p; — p in M and times ¢; — T with

4]

Alpi ti)| 22—,
At 2 e

for some fixed § > 0. However, both notions of singular point actually coincide for MCF satisfying
the Type I hypothesis. This result is due to Stone [Sto94] and Le and Sesum [LS11].

Remark 3.19. The caveat is that in most cases, we cannot tell if an MCF is of Type I just by
looking at the initial hypersurface. We therefore endeavour to remove the Type I hypothesis; this
is discussed in the next subsection, but we retain it for now to simplify the convergence proof.

Using the algebraic inequality |H|? < n|A|?, a first consequence of the Type I hypothesis is that
foranype Mandt) <t <s<T,

[ a < [ olac < [T a0/

(3.18)
This is made arbitrarily small independently of p by bringing ¢ close to 7'. Thus ¢(-, t) converges
uniformly as ¢ — T to a function 7 : M — R"*!, which is continuous since each of the ¢(-,t)’s
are. Using this, we define the singular set S for a Type I MCF by

lp(p, s) —o(pt)| =

S = {er(p) | pis a (special) singular point}.

As a shorthand, we will write p = o7(p).

Choosing some p, we will rescale the MCF around p, obtaining a new flow called the rescaled
mean curvature flow (RMCF). Generally we are interested in doing this for p € S to examine the
singularity forming there. In the following definition of RMCF, the rescaling factor is chosen to
offset the curvature blowup rate of Proposition 3.15 when p € S. Time is also rescaled to give a
new time parameter s taking values up to infinity.

Definition 3.20. The rescaled mean curvature flow (RMCF) of a compact MCF ¢ : M X [tg,T) —
R+ around p is the flow $ defined by!

R U10)) e U
a,5) = P9I = sft) = —log(T ),

for (q,s) € M x [—log(T — tp), 00).

! Another convention, following Huisken [Hui90], is to have an extra /2 factor in the denominator.
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Lemma 3.21. The RMCF ¢ (around a given p) has normal speed

<8@é¢§ s>,ﬁ> g8+ <<5(q28>ﬁ> (3.19)

where H and 71 are the mean curvature and unit normal on M induced by ©, respectively. If ©
immerses M as a shrinker at every time, then the hypersurfaces ¢(M, s) are stationary.

Proof Since % = ~L_ we compute

- (5)' 4 (4
T Wa(i, +1 90(61,Tt) an- )

—vT —t-H(g,t)n(q,t) +

@(q, ).

l\D\»—l

The first term is —H (q,s)n(q, s) by the definition of RMCF. Taking inner products with n gives

(3.19). If ¢ immerses a shrinker at each time, then the right-hand side of (3.19) is zero by
Theorem 3.9. Hence %—f is always tangential, so the hypersurface in R"*! does not change. [

The next few lemmas showcase some important properties that the RMCF of a Type I MCF has.
Theorem 3.27 will use these to extract a limit hypersurface as the singularity model at p.

Lemma 3.22. Let ¢ be a Type I MCF. Let A,V and gs be the second fundamental form, Levi-Civita
connection and induced metric on M via @(-, s) respectively, where ¢ is the RMCF (around a given
D). For each m € Ny, there exists C, = Cp,(m,n, K) < oo such that for all s,

%;IV A(p)lz, < Cm.

Proof. The following calculations are at an arbitary p € M, and we suppress the time parameter
s in notation. Using [V A|2 = (T — )" *'|V™ A7, (3.9) and the inequality ab < 3(a® +0?),

0 =, ~ ds\ ' o L iem
O mag = (6%) & (@~ e aR)

9
— (T —1t) {—(m +1)(T — )" |V A2 + (T — t)m“atyvmyg}
< —(m+1)VTAR + (T - t)m“{A\va\g —2[vmHAL

+ C(m,n) > |va\g|quyg\vrA|gyva\g} (3.20)
p+g+r=mp,q,reN
= A|V™A[ — 2|V A2 + C(m, ) > IVPA|5|VIA|Z| V" Al V™ Al
p+q+r=m|p,q,reN
<SAVTAR - VAR 4 Clmen) Y {IVMAR + [VPARIVIARIVT AR

p+g+r=mp,q,;reN

Proceed by induction, where the base case is satisfied since (3.17) gives |A| = (T -tV 2| A| g <
K/v/2. Assume we have uniform bounds |V*Al; < Cy for k = 0,...,m — 1 where Cy =
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Ck(k,n, K). Then (3.20) becomes
O ~ ~ -~ ~ ~ ~
%Wmm; < A[V™AZ = 2|V AR + B[V A2 + Dy, (3.21)

where B,, and D,,, depend only on m,n and Cy, ..., C,,_1, thus on m,n, K. By a computation
using (3.21) and the same inequality with m replaced by m—1, we have (see [Man11, Proposition
3.2.9])

0 —m A2 om—1 42 AN/1om A2 om—1 42 —m 4|2 om—1 42
55 IV AlG+ B VT AG) < A(VTARG + B V" AlG) = Bn([V™AlG + B[V Afg) + B,

where E,, = E,,(m,n, K). By the maximum principle (Theorem 2.5), we get that

9 m 4|2 om—1 4|2 om A2 om—1 72
%mj\f/}x(lv Al5+ BV A[F) < —Bmmj\%x(lv Al + B V" A[G) + B,

and Lemma 2.7 now gives an estimate for Wmﬁ |§ + Bmﬁm_lﬁ |§ with exponentially decaying
error in time. Thus |[V™ A \% + B,V A ]% is uniformly bounded in space and time by a constant
depending on m,n and K. But ﬁm_lﬁb < Cpp—1 also, so ng]g < Ch. O

Lemmas 3.24 and 3.25 below will stem from Huisken’s celebrated monotonicity formula:

Lemma 3.23 (Huisken’s monotonicity formula, [Hui90]). Let ¢ be an (unscaled) mean curvature
flow. For z¢ € R""! and 7 € R, consider a reversed heat kernel p, . : R"™! x (—00,7) = R,

_\ﬂcfwol2

Paor(x,t) = (4n(T —t)) 2 0 .

Then for all t € [tg, min{7, T'}) we have

d (x — zo,m) >
— | pagr(a,t) duy = — H— " paor(@,t)dus <0,
p Mpo,(w)ut /M( Q(T_t))po,(x ) dyy

with equality if and only if ¢ is a self-shrinking MCF about the spacetime point (xq, 7).

Proof. Reparametrising if needed, we may assume 0;p = —Hn. For any smooth function f :
R™*! x I — R, we have (by the chain rule and Proposition 2.1)

G| =5 [ Heo.0du = [ (H (V0 +00f ~ HEp) dy

The monotonicity formula follows from direct calculation, using f = p,, . For the last part of the
lemma, we must show that every self-shrinking MCF about (xo, 7) has H = fz— o= 0. ’)1> everywhere.
If (zo,7) = (0,0) and we look at the ¢ = —1 timeslice, this is exactly what Theorem 3.9 shows.
For the general case with arbitrary (z,7) and ¢, one can obtain the result by mimicking exactly

the proof of Theorem 3.9. O

We will rescale this to get a corresponding monotonicity formula for RMCF. We denote generic
points on the hypersurfaces ¢(M, s) by y, as exemplified in the integrals of the next lemma.
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Lemma 3.24. The RMCF ¢ satisfies a rescaled version of Huisken’s monotonicity formula,

2 - )\ 2 2
L —/ <H - <y’2n>> e dfi, <. (3.22)
M

As a consequence,

00 _ =\ \ 2 2 2
/ / <H — <y,n>> e_%dﬁs ds < / e_%dﬁ_ log(T—tg) < 0O- (3.23)
—log(T—to) J M 2 M

Proof. The derivation of (3.22) is a direct computation using Lemma 3.23 and the definition of

2
RMCF, so we omit it. Since the equality in (3.22) gives that the integral [}, e_%dﬁs is positive
and nonincreasing, it has a nonnegative limit as s — oo. Hence, multiplying (3.22) by —1 and
integrating from s = — log(T — () to s = co gives

oo ~ (y, )\ _w? w2 w2
H— e 1 dupsds = e A du log(T—to) — e i dpss
~log(T—to) J M 2 M M

_lw? n _Jzp®
S/ e 4 du—log(T—to)Z/ (T —to)"2e 1T=0) dpuy,
M M

< (T —t0) 721" (101 (M) < o0,

where the equality in the second line scales back to the original MCF. This proves (3.23). O

The art of monotonicity formulae is not so much in their proofs as opposed to deciding what
quantity to show monotonicity for. In our case, Huisken’s monotonicity formula makes the en-
lightening link between blowup limits of (R)MCF and shrinkers. Before seeing this, let us state
an important local area (or volume) bound for RMCF that also uses monotonicity.

Lemma 3.25 ([CM12]). Let s’ > so = —log(T — to). For all s > s’ and x¢ € R""!, the rescaled
hypersurfaces os(M) satisfy the polynomial volume bound

H"(Br(zo) Nps(M)) < VR"

for all R > 0, where V depends on s’ and H"(gs,(M)), and in particular not on s nor xo.

Proof. We prove it for the unscaled hypersurfaces o;(M). That is, whenever ¢ > t' > t; and
zo € R"L, there exists V = V(H"(¢r,(M)),t') such that H*(Br(zo) N ¢i(M)) < VR for all
R > 0. The conclusion for the rescaled hypersurfaces follows by scaling.

Let 7 >t > t' > ty, where 7 will be chosen later. We can bound

n n _Jz—z |2
(4 (7 — 1) "3 TH (B, sm—(w0) N @e(M)) < (47(r — t))z/ ozl
B m=(x0)Nei(M)
n _|z—z \2
< / 'OmO’T(x’t) < / pro,T(xatO) dpie, = (471'(7' - to))_2/ e 4(77?0)
et(M) M oty (M)

< (4m(7 = 10)) " T H (101 (M) < (dm(t' — t0)) ™2 H" (101 (M),
where the second inequality in the second line is Lemma 3.23. Rearranging gives

T—1
t' —to

H"(B 7=(w0) N pr(M)) < ( >2 e1H" (o4, (M),
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so choosing 7 = t + R? gives the claim with V = (#' — to)*%e%H”(goto (M)). O

Definition 3.26. An immersed hypersurface ¢ : M — R"*! has polynomial volume growth if
there is a constant V such that for all R > 0 and zy € R""!, we have H"(Bg(xo)N)(M)) < VR".

We are ready to state the main theorem of this section, which says that a limit hypersurface not
only exists, but satisfies the shrinker equation and has polynomial volume growth.

Theorem 3.27 ([Hui90]). Let ¢ be a compact Type I MCF, and ¢ its RMCF around a point p. For
every sequence of times {s; };eny With s; — oo, there is a subsequence of {(-, s;)} which converges
smoothly on compact subsets of R"*! to a proper immersion @, : My, — R™! of a hypersurface.

2
Remark 3.10. Moreover, M, has polynomial volume growth, and for every m € Ny there exists

Cyn, < oo such that ﬁmg‘g < Cpn on M.

The limit manifold Moo satisfies Ho = W) gr g points, thus is a shrinker by Theorem 3.9 and

If the initial hypersurface of ¢ was mean convex (H > 0), then so is M.

If the initial hypersurface of © was embedded, then so is M.

Proof sketch. The first paragraph of the theorem follows by Theorem 3.17 as long as the family
{@(+, s;) }ien satisfies conditions (1)-(3) listed there. First divide both sides of (3.18) by /T — ¢

and send t T to get |5(p, s;)| = 'W' < K+/2n. Then (1) is fulfilled using z; = p and

R = K+/2n. The condition (2) is the result of Lemma 3.22, while (3) is Lemma 3.25.

Write $, = @(M, s) and S = gZOO(MOO). For the second set of claims, we need to use that the
measures H" X, weakly-* converge to 1" X, and that limits of integrals over 3,, as i — oo
are integrals over X .. See [Sto94] or [Man11] for details. Then,

B ~ 2 ) N ~\\ 2 )
/~ (Hoo - W) e = lim <H - <y2n>> e dfi, =0,
b =00 J s

where the second equality uses (3.23). So Ho, = @ everywhere on Y. Lemmas 3.22 and
3.25 give uniform curvature bounds and polynomial volume growth on f)si for all i. These are
all local properties, so the smooth convergence forces Yoo (equivalently ]\700) to inherit them. If
the initial hypersurface of ¢ was mean convex, then Proposition 3.13 gives that ¢, and hence ¢,

is mean convex at all times. By the smooth convergence, ¥, is also mean convex.
For details on the final part of the theorem, see [Man11, Proposition 3.2.10]. O

Definition 3.28. A tangent flow of an MCF (with respect to some RMCF) is a limit hypersurface
obtained the above way, that is by passing to a subsequence of times s; — oc.

3.3.3 Convergence without the type I hypothesis

Theorem 3.27 says that for a Type I MCF, tangent flows exist and are shrinkers. However, the
Type I hypothesis is largely unverifiable, so it would be awkward to base an entire theory on this.
White [Whi94] and Ilmanen [IIm95] rectified this by generalising Theorem 3.27 as follows. If
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¢ is any MCF (not necessarily Type I) and ¢ is its RMCF as in Definition 3.20, then we can still
extract tangent flows in the sense of varifolds, which will be shrinkers in a weak sense.

Varifolds are measure-theoretic generalisations of smooth manifolds, defined as Radon measures
on Euclidean space satisfying certain rectifiability conditions (see [Sim83b]). One can study a
version of MCF for varifolds, called Brakke flow due to Brakke’s original monograph [Bra78].
Every MCF is a Brakke flow, and the concepts of shrinkers, convergence on compact subsets,
the compactness theorem (Theorem 3.17) and Huisken’s monotonicity formula all generalise
to Brakke flows. Using these, White and Ilmanen’s generalisation of Theorem 3.27 says that
rescaling a Brakke flow analogously to RMCF gives subconvergence to varifolds that weakly
r,n

satisfy the shrinker equation H = % In line with the literature, tangent flows will refer to
these Brakke limits rather than the stronger smooth limits discussed earlier.

One may ask whether the tangent flow is actually a smooth hypersurface, and if so, whether the
convergence is smooth on compact subsets. White [WhiO3] showed that for a smooth, embedded,
mean convex MCF, every tangent flow is smooth with unit multiplicity. By Brakke’s regularity the-
orem [Bra78], this implies the convergence is smooth. Thus, in this special case, the convergence
is no different to that of Theorem 3.27, except the Type I hypothesis can be dropped.

Theorem 3.29. If ¢ is a compact, embedded, mean convex MCF, and ¥ is a tangent flow of ¢, then
¥ is a unit multiplicity smooth, embedded, mean convex shrinker with polynomial volume growth
and uniform bounds on A and all covariant derivatives. Convergence to X is smooth on compact
subsets of R" 1,

We also need to mention the compactness theorem for MCFs (see, e.g. [ACGL20, Theorem 11.12]):
for every sequence of ‘nice enough’ MCFs {y; : M; x I; — R""1},y, there is a subsequence
converging to another MCF on compact subsets of R"*! x R. A compactness theorem for RMCFs
holds by rescaling. The ‘nice’ conditions to apply these are similar to Theorem 3.17, but we
leave an exact statement to the reference above; we note only that the conditions will be met
whenever we want to use the theorems. Similar compactness theorems hold for Brakke flows and
rescaled Brakke flows using a measure-theoretic notion of convergence [Bra78]. We also remark
that Theorem 3.27 (and its weak generalisation) admits an equivalent formulation in terms of
convergence of a sequence of scaled MCFs (resp. Brakke flows). See, e.g. [ACGL20, Theorem
11.26] for the smooth case. This is why the limits are called tangent flows.

3.4 The uniqueness of tangent flows problem

What do singularities in MCF look like? The RMCF was conceived as a means to answer this
question, and so far this has paid off: by Theorem 3.27 and its weak generalisation they weakly
resemble shrinkers, at least when the initial hypersurface is compact.

The first step in classifying singularities is therefore to classify the shrinkers. We will concentrate
exclusively on the smooth case, henceforth assuming all hypersurfaces are smooth. In dimension
n = 1, a full classification of shrinkers is known: see [AL86, EW87,Hall2]. Less is known for
n > 2, but in all dimensions the only embedded, mean convex shrinkers with polynomial volume
growth are hyperplanes, cylinders and spheres [Hui90, CM12]. Specifically, they are rotations of
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Sf/ﬁ x R"* for k € {0,...,n}.? This will be proved in §4. It follows by Theorem 3.29 that every
tangent flow arising from a compact, embedded, mean convex MCF is of this type.

To make this classification useful for singularity analysis, we need to address another question.
Recall that tangent flows are limits of an RMCF along a sequence of times s; — oco. It could well
be that under different sequences of times, the extracted tangent flows look completely different.
Whether or not this happens is the uniqueness of tangent flows problem.

Question 3.30. Are tangent flows unique? In other words, does a tangent flow obtained from an
RMCF depend on the sequence of times s; — oo along which the limit is extracted?

This is a highly fundamental question. Firstly, uniqueness of tangent flows allows us to equate
singularity classification with shrinker classification. Singularities can be classified by the geo-
metric type of a tangent flow of its RMCF (‘spherical’ or ‘cylindrical’ for instance), but we need
uniqueness of tangent flows to guarantee this classification is even well-defined. Secondly, and
perhaps more importantly, uniqueness tells us a great deal about the structure and regularity
of the singular set S. This could form the basis for sophisticated developments like MCF with
surgery which, up until now, have only enjoyed limited success. See §7 for a discussion.

The first answers to the uniqueness question go back to Huisken [Hui84] and Gage-Hamilton—
Grayson [GH86, Gra87]. Together, they showed that every tangent flow at a singular point of
a convex, embedded MCF is the sphere S?/% (convexity is not needed for n = 1). Much later,
uniqueness was proved to hold for compact tangent flows [Sch14] and cylindrical tangent flows
[CM15]. These results are detailed in §5 and §6, respectively. Among recent achievements are
the uniqueness of asymptotically conical tangent flows [CS21] and of cylindrical tangent flows
in high codimension [CM19b], which we leave to a discussion in the final chapter. On the other
hand, by the Brakke-White regularity theorem [WhiO5], hyperplanes arise as tangent flows if
and only if the flow is rescaled around a nonsingular point. These are indeed unique and while
not hard to prove, a technical setup is still required (see [Man11, Theorem 3.2.22] and discussion

thereafter). We will skip this in favour of proving uniqueness for nontrivial blowups.
We can now give a precise version of Theorem 1.1, the central theorem of this thesis.

Theorem 3.31. Let ¢ be a mean curvature flow of compact, embedded, mean convex hypersurfaces
in R"*! and let ¢ be an RMCF of it. There exists k € {0, ...,n} and a rotation of R"*! such that
every tangent flow of ¢ is that rotation of Sf/ﬂ x R™"*. Along every sequence of times s; — o,
convergence of (-, s;) to the tangent flow is smooth on compact subsets of R"+1.

Proof. By the discussion in this section, all tangent flows of such an MCF are hyperplanes, cylin-
ders and spheres, and these are all unique. Except for uniqueness of planar tangent flows, we
will prove these assertions in the next three chapters (Corollary 4.2, Theorem 5.1 and Theorem
6.1). O

2The cases k = 0 and k = n are understood to be hyperplanes and spheres respectively.



Chapter 4

Classification of Mean Convex
Shrinkers

The goal of this chapter is to prove the following classification result.

Theorem 4.1 ([Hui90,CM12]). Let ¥ C R"™*! be a smooth embedded shrinker with polynomial
volume growth and H > 0 everywhere. Then X is a rotation of S’\‘/’/ﬂ x R"* for some k € {0,...,n}.

Combining this with Theorem 3.29 immediately gives the following corollary.

Corollary 4.2. Every tangent flow of a compact, embedded, mean convex MCF is a rotation of
Sf/ﬂ x R™* with unit multiplicity.

In [Hui90], the same classification was achieved assuming |A| is bounded on ¥. While Theorem
3.29 does indeed establish this bound, we present the stronger result since it uses machinery that
will resurface in later chapters. We will first introduce this machinery in §4.1, before turning to
the proof of Theorem 4.1 in §4.2. The exposition in §4.1 is our own, while the statements and
proofs in §4.2 are essentially those of [CM12] with some reorganisation and added detail.

4.1 Some machinery: the F7-functional and weighted L? spaces

Let ¥ C R™*! be an embedded hypersurface with polynomial volume growth. Adapting the setup
of §2.1 to our present discussion, the inclusion ¢ : ¥ < R"*! induces a metric g = 1*¢™"° on %,
where ¢g™° is the Euclidean metric on R"!. Using this, we get a measure y = /det(g;;)L" on
¥, where L" is the Lebesgue measure on R”, and the coefficients ¢;; are with respect to a local
chart for ¥. Now suppose we repeat this process, replacing g™ by the Gaussian metric on R"*1,

||
gGauSS(l,) _ efngUC(x)’ = ]Rn+1,

2
||

thereby obtaining a new measure v on Y. One checks that g—z = e~ 1 . Polynomial volume
growth leads means X has finite weighted volume (or Gaussian area):

z|2 © ]2 i~ > 1)2
v(X) = / dv = / ef%d,u = Z/ ef%d,u < Z VR"eJR 2 < 0. 4.1)
b X (BrR\Br-1)NZ R=1

R=1

26
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In the MCF literature, the F-functional is (47)~ 2 times the Gaussian area:

F(5) = (4m) "3 0(E) = (4n) / s

b
where the last integral is evaluated against du. Note that F is nonincreasing during an RMCF by
Huisken’s monotonicity formula, Lemma 3.24.

To make F a genuine functional, we reformulate F as being defined on sections of the normal
bundle of a fixed hypersurface X, which are identified with real-valued functions on Y. Since
¥ has normal injectivity radius 6 > 0,! every C! function v with supy, [1)| < § gives rise to an
embedded C! hypersurface ¥, = {x + ¢(z)n(z) : € X}. Thus, we define Fx, as a genuine
functional Bs(0) N C*(¥) — R by

Fo() = F(Sy) = (4n)°% / S 4.2)
y
Small C'! norm ensures this is finite (see §B.2). The next theorem extends the characterisation

of shrinkers in Theorem 3.9 when assuming polynomial volume growth.

Theorem 4.3. Embedded shrinkers in R™*! with polynomial volume growth are precisely the em-
bedded minimal hypersurfaces in R™*! with respect to the Gaussian area functional.

Proof. Let ¥ be an embedded shrinker with polynomial volume growth. We show that the zero
function is a critical point of the Fx-functional. Letting 1) € C*(X), we have

d . 2
% 510f2(6¢) - % 5:0(47T) ’ /Z:é:d} € 4
d n ztev(z)n(z 2
"l /2 S — 4.3)
= (47)_3/ <1/}€_I42 . _% <$,n(l’)> +H¢€_I42>
b))
_ (477)—3/2 <H _ @3112(fv>>> e

where the third equality uses (2.6) with X = n. This vanishes for all ¢ if and only if H(x) =
M on X, which is precisely when ¥ is a shrinker by Theorem 3.9. O
Theorem 4.3 motivates the use of tools from minimal surfaces to study shrinkers, and by extension
singularities in mean curvature flow. Huisken’s monotonicity formula is already one example;
there is a monotonicity formula in minimal surfaces which is used to characterise blowup limits
of minimal surfaces as minimal cones (see [CM11]). To go further with this, we need to introduce
Gaussian versions of some functional-analytic tools.

In this chapter, we exclusively use the (Gaussian-)weighted spaces LP(X). For 1 < p < oo, we
define LP(X) as the Banach space of measurable functions v : ¥ — R for which the norm

|2 1/p
{fz \u(m)\pe_4} if1 <p< oo,
HUHLP(Z) =
ess SUp,ey |u(x)| if p = oo,

!Embedded Euclidean submanifolds have nonzero normal injectivity radius; see [Lee12, Theorem 6.24].



28 Chapter 4. Classification of Mean Convex Shrinkers

is finite. Like in the unweighted case, L?(X) is a Hilbert space with inner product

L2 M2
(U, 0) p2(sy = {/Zuve a } . (4.4

As in §2.2.1, the weighted Sobolev spaces WP are defined using these weighted L? norms. The
Holder spaces C* are the same as the unweighted ones since the L> norm has not changed.

An important operator is the Ornstein-Uhlenbeck operator L : C*(X) — C°(X), given by
1 22 2|2
L=A= (@ V(g = e div <e—4'V(-)> , (4.5)

where A and V are the Laplacian and gradient on ¥ respectively. This is the weighted analogue
of the Laplacian in the following sense. Recall that A = divoV, and div is minus the formal
L?(p)-adjoint of V by (2.9). If we let § be the formal L?(v)-adjoint of V, then £ = § o V. We will
need the following properties of £ in the sequel.

Proposition 4.4 ([CM12]). Let ¥ C R™*! be an embedded hypersurface with polynomial volume
growth, and let L be the Ornstein-Uhlenbeck operator defined in (4.5).

(i) If u € W2 is compactly supported and v € W??2,

||

/u(ﬁv)e4 = —/ (Vu,Vv)e "2 . (4.6)
by )

(ii) If u € Wh2 and v € W??2, not necessarily compactly supported, and
- 2
/(|uVU| + V|V + [ulv])e 5 < oo,
2
then (4.6) still holds. In particular, this holds if u,v € W22, so L is self-adjoint on W2

(iii) L has discrete spectrum with finite multiplicity on W22, and W?? is spanned by a complete
basis of smooth L?-orthonormal eigenfunctions.

Next, let MY% : C?(X) — C°() be the L?(v) Euler-Lagrange functional of Fs;, defined by

d n x 2
L Fa(ut sv) = —(4m)"3 / v MY (u)e= 5 (4.7)
dsls=0 »
We also need the stability operator L : C*(X) — C°(%), given by
1 1 1

This is an elliptic operator whose importance stems from the following fact.

Proposition 4.5. If ¥ is an embedded shrinker, then L is the linearisation of MY, at zero. As a
consequence, for any ¢ € C*(X), one has

d2 .
e 610?2(6@0) = —(4m)"E (0, L) 1o ) -

This is proved in Appendix B.2. Hence, if L is negative definite, then the shrinker ¥ is not only
a critical point for the Fx-functional, but locally minimises Fs;. If this is so, we call ¥ a stable
shrinker. This mirrors the notion of stable minimal hypersurfaces in unweighted space (there the
stability operator is A + |A|? 4+ Ric(n,n); see [CM11]). This plays a central role in Colding and
Minicozzi’s framework of generic mean curvature flow which will be discussed in §7.1.
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4.2 Proof of Theorem 4.1

Throughout this section, ¥ is an embedded shrinker with polynomial volume growth. We will
impose H > 0 later. We first collect some facts about the stability operator L defined by (4.8).

Lemma 4.6. On ¥ we have LH = H and LA = A, where L extends to tensors in the natural way.
Furthermore, if | A| does not vanish, then

VAP — |V]A]?
A

LIA| = |A| + > |Al (4.9)

Proof. Working in an orthonormal frame {e;,...,e,} at a point p € ¥, the Christoffel symbols
vanish at p, so V coincides with the Euclidean directional derivative V. Also g;; = §;; at p.
Differentiating the shrinker equation 2H = (z,n), we get (at p)

2V;H =V, (z,n) = (ej,n) + (v, —hje)) = —hji (v, ). (4.10)

with an implicit sum over [ = 1, ..., n. The second equality uses (2.2) with ¢ being the inclusion
v : ¥ — R, Differentiating again and keeping in mind that V,e; = hyn by (2.2),

QVZ‘VJ'H = —Vi(hjl <x, €l>) = —Vl'hjl <:L’, €l> — hjl <€Z’, €l> - hjlhil <ZL‘, n)
= —V,-hjl <£L’, €l> - hij - 2thlhil'

Substituting this into Simons’ equation (2.5), we have
1 1
Ahij = —ViVjH — Hhilhjl — |A’2hij = §vihjl <x,el> -+ 5]12']' — ’A‘zh” 4.11)

Since V;hj; = V;h;; by Codazzi’s equations (2.4), the above equation reads

AA = % (x, VA) + %A —|APA = —LA+AA+ A,

so LA = A at p. Since traces commute with covariant derivatives (owing to the metric being
parallel, Vg = 0), taking the negative trace of LA = A gives LH = H. To get (4.9), we first
recall that A = tr V? and derive a Laplacian chain rule on functions:

A(foh)=trV((f o h)Vh) = tr((f o h)VZh+ (f" o h) (Vh,Vh))

, y , (4.12)
= (f' o h)Ah+ (f" o h)|Vh[.

Taking f = (-)'/2? and h = | A|?, this gives
1 1
1A = A1+ (AP + 5 )14 - 5 (2. 914)

2 2|12 2

2[A| A3 4 |Al
2(A,AA) +2|VA|?  4|A]2|V|A|? 5 1 1
= — A —||Al— — (A A
_ ALy VAP — |V]A]]?
Al |Al '

Since LA = A, this gives the equality in (4.9). The inequality is due to the elementary Kato
inequality |V|A|| < |[VA|. O



30 Chapter 4. Classification of Mean Convex Shrinkers

The second ingredient we need is an estimate whose proof is a simple calculation and we omit.

Lemma 4.7. For all hypersurfaces, it holds at points with |A| # 0 that

2 2
1+ —— ) |V]A|? < |VAP + ——|VH|*.
n-+1 n+1

For the rest of this section, we reserve the notation [-] for weighted integrals over ¥, i.e.

-/ fe i

The next three lemmas are integral estimates for curvature-related quantities on shrinkers with
positive mean curvature. The Peter-Paul inequality, 2ab < £a® + ¢~ !b? for any £ > 0, will be used
many times in the proofs.

Lemma 4.8. If H > 0 on %, then for any ¢ € W12 and ¢ > 0 it holds that
2 2 121 412 1 2, Lo
(= )V log HP + 6|47 < ||V + 567
Proof. Recalling that £ = A — 1 (2, V(-)), apply (4.12) and LH = H to get

AH H|? 1 H
Llog H = _IVHE 1@V >=—|v1ogHy2+

AH — 1 (z,VH)
H H2 2 H

H (4.13)
LH —|APH - 1H 5 1 5 )
= I — |Vlog H| :§—|A| — |Vieg H|*.

Thus, for any compactly supported smooth function 7, we have n € W2 so Proposition 4.4 gives
[(Vn?,Vieg H)] = —[n*Llog H] = |n*(|A]* — % + |Vieg H?)| . (4.14)
At the same time, we use Cauchy-Schwarz and Peter-Paul to get
| (Vn?, ViegH) | = 2| (Vn,nVieg H) | < éyvnyQ + en?|Vlog H|? (4.15)

for any € > 0. Joining (4.14) and (4.15), we obtain

1 1
(1= P tog HP 4 P1AP] < |11+ e (416)
Let 1, be one on B, and decay linearly to zero from 0B, to B,1. Applying (4.16) to n = n,¢,
taking » — oo and applying the monotone convergence theorem gives the result. O

The following lemma adapts Schoen, Simon and Yau’s integral curvature estimates for stable
minimal surfaces [SSY75] to strictly mean convex shrinkers. The proof strategy is the same; see
also [CM11, Theorem 2.21].

Lemma 4.9. If H > 0 on %, then [|A]> + |A|* + |V|A|]? + |[VA[?] < cc.



4.2. Proof of Theorem 4.1 31

Proof. The hard part is proving [|A|*] < oo, so we will do this first. Let ¢ be a compactly supported
smooth function on ¥. Applying Lemma 4.8 with ¢ = 1, we get a ‘stability inequality’

1
147] < | IVo + 302
Set ¢ = n|A| where 7 is smooth with compact support, 0 < n < 1, and |Vy| < 1. Then
1
I < [ITGIADE + oPlAP

1
< |PIVIAIR + 20l VLAIL [VallA] + [9P1AP + 33P1AP)
) (4.17)
< L+ UAITIAIP + 4P (1+ 72+ 3o )]

3 1

<@+l + (G +1) 147

where ¢ > 0 is arbitrary, and the third inequality uses Peter-Paul with n|V|A|| and |Vn||A|. We
will bound the first term on the right by a small multiple of [?| A|*] and other harmless terms;
this will come from a Simons-type inequality which we now derive.

For a general function f, one has
Lf*=2fAf+2|Vf* - % (z,Vf*) =2|Vf|* +2fLf.
Together with £ = L — |A|> — %, the equality in Lemma 4.6, and Lemma 4.7, we get
CIAP = 21914 + 214 (E14] - 1AP - 314)
=2|VAP2 + A2 - 2|4 (4.18)

2 4
>2 (14— ) [VIA|]? - — " |VH] + 4] - 2|4]",
n+1 n+1

. . . . . 3 . . 1 2
which is our Simons-type inequality.” Integrating against 57, we have

Using Proposition 4.4 followed by Cauchy—Schwarz and Peter-Paul with n|V|A|| and |A||V7]|, and
finally the assumption |V7| < 1, the left-hand side satisfies

1 1 _
S L1AR] = = 3R VAR = 2 | AIVIA < [ 91417 + AP 420
where € > 0 is again arbitrary. Substituting this into (4.19) and rearranging gives

2n 1 2
A+ [ 2P Hap| 2 (14 2 e WAviARL @2

*The stability inequality for minimal hypersurfaces is [, ¢°|A|* < [, [V¢|?, cf. [CM11, Lemma 1.32].
*Simons’ inequality is A|A|* > 2 (1+ 2) [V|A|[* — 2|A|*, cf. [Sim68] or [CM11, Lemma 2.1].
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Combining (4.17) and (4.21), we now get

1AL < e P+ | 2R 2iap ] b | (34 1) 17

1+ 25 —¢ n+1
<y DA CIVHE A7)
where C' = C(n,¢). Select € = 5145, so that 1+£_6 < 1. Then
[?|A["] < CIVHP +[AP] < ClIAP( + J2[*)], (4.22)

where C' = C(n) and the last inequality uses |[VH| < |A||z| from (4.10). Next, the polynomial

volume growth gives that /1 + |z|2 € W2, To see this, we have V (/1 + |z|?) = \/150+T|7\2 where
x

x! is the projection of = onto T}%, so reasoning as in (4.1),

5 o 2T\ _Ee? gy _lof?
H 1+ |z H = 1+ |z)” + e+ < [ (24 ]z])e F < 0.
w2 » b

1+ |z|?

Hence Lemma 4.8 applies with ¢ = /1 + |z|? and € = 1 to give

[AR( + 22)] < UV(\/l TP + 50+ |x|2)] <|vViTRE|,,, <o

By (4.22), we therefore have [?|A|*] < oo. Taking a sequence of ’s and using monotone
convergence (as in the end of the proof of Lemma 4.8), we have [|A|*] < cc.

It follows that [|A[?] < oc. To establish [|V|A4|[?] < oo, use (4.21) with € = 1, the finiteness of

[|A|*] and [|A|?], as well as |[VH|? < |A|?|z|?>. Monotone convergence again gives the bound. It

remains to show [|[VA|?] < cc. By integrating the second equality in (4.18) against 172, we get

1 1
SPEIAR] = [IVAR + SP1A1 Pl > [(TAP - 149
Following (4.20) but stopping short of Peter-Paul, we have [$7?L|A|?] < 2[|A||V|A]|]. Thus,

[ (VAP = [AM)] < 2[|A[[VIA[] < [JAP + [V]A]]%).

Since we already have [|A|? + |V|A[|? + |A|*] < oo, the bound [|[VA|?] < o follows again from
monotone convergence. O

The final lemma before the proof of Theorem 4.1 gives integral estimates which are needed to
justify various applications of Proposition 4.4(ii) in the proof.

Lemma 4.10. If H > 0 on %, then the following hold:

[|A]?|Vlog H| + |V|A?| - [V log H| + |A]?|£log H]|] < oo, (4.23)
[|A] - [VIA[| + [V]A|]* + |A] - |£]A]] < oo. (4.24)
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Proof. Since H > 0, Lemma 4.9 gives

JAP? + A + |[VIA|2 4+ VA < . (4.25)
Since |[V|A|?|? < 2|AJ? + 2|V|A||? by the chain rule and Peter-Paul, the first and third terms of
(4.25) show that |A| € W12, We may then apply Lemma 4.8 with ¢ = |A|, e = 1/2 to get

1
APV log HI?] < 2| 2VIA|* + SA]*| <4 [[VIA][* +[A]7] < oo, (4.26)

the last inequality being (4.25). Peter-Paul then yields
IVIAP] - [V1og H|) = 2[|A| - [V|A]| - [V log H|] < [|A]*|V log H? +|V|A[]] < o0.  (4.27)

Also, (4.13) and (4.26) together give us that
[JA]?|Llog H|] < [;]A\2+\A|4+|A]2|VlogH]2 < 0. (4.28)
Adding (4.26), (4.27) and (4.28) gives (4.23). Next, using (4.8) and the equality in Lemma 4.6,
AICIAI = 141 (Z1A] - LAPLA = 3141) = 514P = 1A + 1947 = [V14IP.
Using this, Peter-Paul and (4.25), we arrive at (4.24):
A1 911+ VLA + 141 [S1AI] < | 5142 = FIVIAIP + 5IAP - |41 + V4R < .
O

Proof of Theorem 4.1. It suffices to prove the theorem assuming ¥ is connected. If not, then since
every connected component of 3 will be one of the hypersurfaces listed in the theorem, and any
two such hypersurfaces intersect, this contradicts the fact that 3 is smooth and embedded.

Starting from (4.11), use Codazzi’s equations V;h;; = V,h;; then trace both sides with g%/ to get

AH = % (2, e1) ViH + %H CAPH < H + % (2, VH)
where the inequality uses H > 0. By Theorem 2.5 and the fact that H > 0, we have that either
H = 0 everywhere or H > 0 everywhere. If H = 0 everywhere, then the shrinker equation is
(xr,n) = 2H = 0, so x is a tangent vector field on >. Pick any p € ¥ and solve for the flow of x
starting from p. The flow line traces the ray {\p | A > 0}, so ¥ is a cone.* Being smooth, ¥ must
be a hyperplane through the origin, i.e. a rotation of R” ¢ R**!.

We may therefore assume H > 0, proceeding in two steps. Firstly, we use Lemma 4.10 to bring
us to the key identity Vh;; = cih;j, where ¢, depends only on k£ and the point on X. Because
the indices on the left can be permuted by Codazzi’s equations, this indicates that ¥ has a high
degree of symmetry, consistent with the theorem. The second step follows Huisken [Hui93],
where this identity is massaged into a full classification of the possibilities for .

“The rays do not include the origin, but 3 is a closed subset of R"*! so it must contain the origin.
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Step 1: The key geometric identity. The first statement in Lemma 4.10 allows us to apply
Proposition 4.4 to |A|? and log H. Doing this then using (4.13), we get

(V1A g )] = ~[[APC1og ] = [|AP (147 - 5 + (Vg 17 |.

Similarly, the first statement in Lemma 4.10 allows us to apply Proposition 4.4 to two copies of
|A|. Doing this then using L|A| > |A| from Lemma 4.6, we get

VAP = =110 = - 14T (£441 = 14P1A = 141) | < 14t = 51

Combining these two gives
[(IVIAP, Viog H)] > [|AF*|V log H|* + V| Al?],

or
2
02 [[APIVlog H* ~ 2 (714} |41V log 1) + 1914]7] = [141¥ tog 7~ 71|

Therefore, |A|V log H — V|A| vanishes identically on X. Rewriting this as Vlog H = Vlog |A|
and integrating out, we get H = /3| A|, where 5 : ¥ — R is positive. In particular L|A| = SLH =
BH = |A|, so by Lemma 4.6 we have |[VA|?> = |V|A|%. This implies Vih;; = cih;; for each

i,j,k = 1,...,n. Contracting with g%/, we also immediately get ¢, = Y&

Step 2: Squeezing out a classification. Pick a point p € ¥, and work in a coordinate chart
where at p we have h;; = \;d;; for some constants \;. Then Vih;; = cphij = cxAid;j, which
vanishes if i # j. By Codazzi’s equations, we even have that V;h;; = 0 unless i = j = k. Note
that if \; # 0 and j # 4, then 0 = V,h;; = ¢j\;, so ¢; = 0. Thus, if two or more of the \;’s are
zero, then all of the ¢;’s are zero, hence VA = 0 at p. We have thus shown that

() If A(p) has rank two or greater, then VA(p) = 0.
We therefore divide into two cases depending on the rank of A at p.

Case 1: The rank is at least two. We will show that rank(A) > 2 everywhere. Where ¢ € ¥ is
arbitrary, let A;(¢) and \2(q) be the two eigenvalues of A(q) of largest absolute value, and define

Yo ={q€X|M(qg) = M(p) and Xa(q) = A2(p)}-

Since \; and )\ are continuous and Y, is defined by a closed condition, Y5 is closed. Since
A1(p), Aa(p) # 0, for any point ¢ € X9 we have rank(A(g)) > 2. This is an open condition, so
there exists an open set {2 containing ¢ where rank(A(-)) > 2. But this implies VA = 0 on (2, so
the eigenvalues of A are constant on (. It follows that Q C X5, so 35 is open. Now X is a closed
and open subset of the connected set X, hence Y5 = .

It follows by (%) that VA = 0 over all of ¥. Using Theorem 4 of Lawson [Law69], ¥ splits
isometrically as some rotation of S¥ x R"~*, For such a cylinder, H = % On the other hand, the

shrinker equation gives H = <zén> = 7. Equating these yields = v/2k.

Case 2: The rank is one. From above, the rank of A must be one everywhere on 3, so the only
nonzero eigenvalue is —H, as H = —tr A. For each p € X, let V(p) € T,¥ be a unit (—H)-
eigenvector for A. As A is smooth, V' is a smooth vector field at least locally (globally it is defined



4.2. Proof of Theorem 4.1 35

up to a sign). Regardless of sign, at each tangent space we have
A(v,w) =A((v, V) V,(w, V) V) = —H (v, V) (w, V) . (4.29)

Fix some p € ¥, choose a frame {e;}!" ; such that e;(p) = V(p) and the matrix of A(p) in this
frame is diag(—H (p),0,...,0). Then V;h;; = 0 except possibly when i = j = k = 1, so at p,

~ VvA(VV)

77 (u, V') A(v, w), (4.30)

vuA(Ua w) - v(u,V)VA(<U7 V) v, <’LU, V> V) =
where the second equality uses linearity and (4.29). Since p was arbitrary and the right-hand side
of (4.30) is unchanged under substituting V' +— —V/, this identity holds at every point. Taking a
unit speed geodesic v(¢) on X and a parallel vector field v(¢) on X along (), this gives

d VALY

—Av(t),v(t)) = Vi A(v(t), v(t)) = 77

dt (v(t), V) Av(t),v(t)), (4.31)

where H and V are evaluated at (). Selecting v(0) to be in the kernel of A at v(0), then applying
Lemma 2.7 to (4.31), we find that A(v,v) vanishes along ~(t). Using (4.30), we have that at

(1),
(Vyv,mn) = (Vv + A(¥,v)n,n) = A(¥,v) = 0. (4.32)

At the same time, v being parallel along ~ implies that for any tangent vector X,
(Vi0,X) = (V4v,X) = (0,X) = 0. (4.33)

From (4.32) and (4.33), we see that v(¢) is actually constant along ~. By the arbitrariness of
~(t) and v(t) and recalling that A has an (n — 1)-dimensional kernel everywhere, we conclude
that there are n — 1 constant vectors es, ..., e, tangent to 3 constituting a global orthonormal
frame for the kernel of A. These directions are precisely the noncurved ones, so translations
in these directions are isometries of 3. Thus, ¥ splits isometrically as a product K x 7, where
K = span{es,...,e,} and ¥ C R? is a smooth, embedded, convex shrinker in R? with polyno-
mial length growth. A short argument ([CM12, Lemma 10.39]) followed by the Gage-Hamilton
theorem [GH86] shows that ¥ must be a round circle.”> Arguing as in the end of Case 1, the
radius must be /2. O

>See [Man11, Proposition 3.4.1] for another way of proving this part.



Chapter 5

Uniqueness of Compact Tangent Flows

From the discussion in §3.4, the utility of a shrinker classification result for singularity analysis in
MCEF lays contingent on the uniqueness of tangent flows. In this chapter, we will prove Schulze’s
result [Sch14] that uniqueness indeed holds for compact, embedded tangent flows.

Theorem 5.1 ([Sch14]). Let ¥ be a unit multiplicity tangent flow arising from a compact, embedded
MCEF. If ¥ is smooth, compact and embedded, then it is the unique tangent flow at that point.

When the MCF is also mean convex, Theorem 5.1 implies uniqueness of spherical tangent flows,
which are the only compact blowups by Corollary 4.2. The theorem however has no convexity
assumptions, so it holds for peculiar examples like Angenent’s shrinking torus [Ang92] whenever
it arises as a tangent flow. In fact, Schulze proved Theorem 5.1 for MCF and Brakke flows in
arbitrary codimension. The proof is easily adapted from the unit codimension case, but we will
exclude this as we have not formally introduced these flows.

In §5.1, we discuss Lojasiewicz inequalities and their relation to uniqueness problems. To tackle
uniqueness of tangent flows, we need to generalise these to infinite-dimensional ‘spaces of hyper-
surfaces’. This is done in §5.2, where we follow Simon’s influential paper [Sim83a] to prove the
now-called Lojasiewicz—Simon gradient inequality. In §5.3, we will see how Schulze used this
inequality to prove Theorem 5.1.

5.1 Lojasiewicz inequalities and uniqueness

Between the late 1950s and early 1960s, Lojasiewicz proved a collection of deep results in real
algebraic geometry concerning real-analytic functions and their gradient flows [1.0j63,1.0j65].
Let f : U — R be real-analytic on an open subset U of R", and denote by Z the zero set of f,
assumed nonempty. The first of these results states that for any compact subset K of U, there
exist « > 2 and a positive constant C; such that for all x € K,

Zlgyx —z|* < Ch|f(2)] (5.1)

36
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Using this inequality, Lojasiewicz further proved that if p € U is a critical point of f, then there
exists a neighbourhood W of p and constants 3 € (3, 1) and C, > 0 such that for all z € W,

1f(z) — f(p)|P < Co|Vf(z)). (5.2)

Lojasiewicz used this second inequality (the gradient inequality) to prove the Lojasiewicz theorem:
with the same assumptions on f, suppose 7 : [0,00) — R™ is a negative gradient flow line of f.
That is, v/(t) = =V f(v(t)). If v has an accumulation point z,, then ~ has finite length and

lim v(t) = 0.

t—o0

In other words, = is the unique limit of v as ¢t — oc.

How Lojasiewicz’s results relate to uniqueness of tangent flows draws from an important obser-

vation: the RMCF ¢ is the negative gradient flow of the F-functional. To make this precise, let

¥ be the image of (-, s), and let MY be the L?(v) Euler-Lagrange functional of Fs;_. That is,
d ||

2| Pt o) = ~(am) 3 / oM (w)e

s

From (4.3), we see that M”(0) = —H + @27n> But this is equal to % by Lemma 3.21. Thus, at all
times, ‘?—f is the negative L?(v)-gradient of Fy, at the zero function. Viewing F as the Gaussian
area functional on the ‘space of hypersurfaces’, this means ¢ flows by the negative gradient of F.

The idea is to work in a space whose points are hypersurfaces in R"*!, so that F is defined on
this space. The RMCF is the negative gradient flow of F, and traces a curve in this space whose
accumulation points are its tangent flows. If the Lojasiewicz theorem generalises to functionals
on this space, then applying it to F results in uniqueness of tangent flows. See Figure 5.1.

3(s): RMCF

space of =— WY Z2s0\\\\1
hypersurfaces e WD)

-

=

%

\\‘f/ > tangent flow

Figure 5.1: RMCF is the negative gradient flow of F in the space of hypersurfaces. We
want to generalise the Lojasiewicz theorem to functionals on this space (in particular
F) to prove that tangent flows, like ¥ here, are unique.

Any reasonable manifestation of the ‘space of hypersurfaces’ must be infinite-dimensional, so we
are led to ask which infinite-dimensional spaces admit generalisations of Lojasiewicz’s results.
Leon Simon [Sim83a] made the first stride in this direction, generalising the Lojasiewicz inequal-
ities to Holder sections of vector bundles over a compact Riemannian manifold M. In the same
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paper, he used these Lojasiewicz—-Simon inequalities (as they are now named) to generalise the
Lojasiewicz theorem and exhibited a number of geometric applications, most notably to prove a
long-standing conjecture about uniqueness of tangent cones for minimal hypersurfaces. Thirty
years later, Schulze recognised the opportunity to apply Simon’s results in the setting of mean
curvature flow, giving Theorem 5.1.

In view of our applications, we will prove the Lojasiewicz—Simon gradient inequality for real-
valued functions on M. For the proof, we will take the original gradient inequality (5.2) as given.
This is because the original Lojasiewicz inequalities are known to be notoriously difficult to prove,
requiring specialised machinery well beyond the scope of this thesis. Unlike the previous chapter,
all L? and Sobolev norms in this chapter are unweighted.!

5.2 The Lojasiewicz-Simon gradient inequality

In this section, (M, g) is a compact n-dimensional Riemannian manifold with Levi-Civita connec-
tion V. Let £ : C'(M) — R be a functional satisfying Assumption 5.2 below.

Assumption 5.2. The functional £ : C* — R can be written as

£(u) = /M E(p, u(p), Vu(p))

for some smooth real-valued function E of (p,q,z) where p € M, ¢ € R and z € T,M. Also,

(i) For each p € M, we have that F is uniformly convex in the z variable when ¢ = 0. That is,
2

2
22| _ FP.0,52) > clz?,  VzeT,M. (5.3)

with ¢ > 0 independent of p, z.

(i) There exists 0 > 0 such that for each p, the dependence of E(p, q, z) on (q, z) is real-analytic
whenever |ql, |z| < 0.

Let M be the (unweighted) Euler-Lagrange functional of £, defined in (2.11). From §A.1, uni-
form convexity (5.3) implies that the linearisation L of M at 0 is a symmetric, uniformly elliptic
second-order operator with smooth coefficients. By 2.2, the kernel K of L is finite-dimensional
and has an L?-orthonormal basis of smooth eigenfunctions ¢, ..., ps. We will let IT and (-)+
denote L2-orthogonal projection onto K and K respectively.

Analyticity of E allows us to make sense of E(p, ¢, z) for ¢ € C and z € T,M¢ where |¢|, |z| < 4,
and the subscript C denotes complexification. Moreover, the dependence on (g, z) is holomorphic
in this region. Using the explicit expression (A.1) for M, we extend M to complex-valued
functions u € C>* with ||ul ci < 0. In particular, M is defined on CZ% N B5(0).

Under these assumptions, Simon’s generalisation of (5.1) and (5.2) becomes possible. We will
only prove the analogue of the latter, which is what we need later. We fix an arbitrary constant
a € (0,1) for the rest of this chapter.

IThis may seem strange given that we motivated the use of Lojasiewicz inequalities using the weighted spaces, but
this is more of an artefact of the analysis than a conceptual discrepancy.
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Theorem 5.3 ([Sim83a]). Suppose M(0) = 0. There is a neighbourhood U of the origin in %
and constants (3 € (%, 1) and C' > 0 depending on n, M and the form of € such that if u € U, then

[E(u) = E(0)7 < C[M(u)]| e -

The proof we present amalgamates the ones in [Sim83a] and [Sim96]. Most of the work goes
into the next lemma, which is part of a procedure called Lyapunov-Schmidt reduction.

Lemma 5.4. There exists a neighbourhood U of the origin in C*, a neighbourhood W of the origin
in C%, and a real-analytic bijection ¥ : W — U such that Ilu € W N K whenever u € U, and

H\ij - \I’gHng < C ||f - gHL2 3 vfag € W7 (54)
| OTTu — || y2e < C||TTul|72 Yu € U. (5.5)

Here C depends on n, M and the form of €. Moreover, if we define W = {6 =(e',..., &) e R? |
gpj e WNK}and f(§) = E(V(&p;)), then

IVF©)| < 2||MU(Eg))||,., VE€W. (5.6)

Remark 5.5. With a little more work (see [Sim83a]), we can show that
{uEU!M(u)zO}:\D({fjgoj | € € W and Vf(g):o}), (5.7)

so @ = V(W N K) contains all zeros of M near the origin. Since W N K is finite-dimensional and
consists of zeros of L (the derivative of M) near the origin, ¥ is an ‘exponential map’ identifying
zeros of L with zeros of M near the origin. This way, () is a finite-dimensional submanifold of U
(see Figure 5.2). This is the essence of Lyapunov-Schmidt reduction; it finitely parametrises the
set of critical points of £ (i.e. zeros of M) near the origin. We would need to explicitly use (5.7)
to generalise the first Lojasiewicz inequality (5.1), but this is not needed for Theorem 5.3.

To prove Theorem 5.3, we will decompose |€(u) — £(0)| into an infinite-dimensional part and a
finite-dimensional part by writing

|€(u) — E(0)] < |E(u) — E(VIu)| + |E(PIIu) — £(0)].

The original gradient inequality (5.2) controls the finite-dimensional part |£(¥IIu) — £(0)|, while
a separate argument will show that the infinite-dimensional part is negligible. Note that (5.5) says
UTlu = ITu, so we have @ ~ W N K. Thus, the finite-dimensional part is almost |€(ITu) — £(0)], a
difference taken in the direction of K, while the infinite-dimensional part is almost |€ (u) — € (TTu)|,
a difference taken in the direction of K. This idea will be revisited in §6.4.

Proof of Theorem 5.3 assuming Lemma 5.4. Let U, W, W, U and f be as in Lemma 5.4. We may
further assume that U is convex and |[u||q2.. < 1 for all w € U. We first estimate the infinite-
dimensional part |£(u) — £(¥IIu)|. Taking u € U, we have ITu € W. Then ¥IIu € U and so

1
|E(u) — E(VTTu)| = /0 %S(u—i—s(\lfﬂu—u))ds

(5.8)

Y

/1 (M(u+ s(VTu — u)), UIlu — u) ;> ds
0
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Figure 5.2: ¥ exponentiates W N K as a finite-dimensional submanifold @ of U. We
use this to split £(u) — £(0) into finite-dimensional and infinite-dimensional parts.

by the definition of M. Since ||u 4+ s(¥Ilu — u)|| 2. < 1 forall s € [0,1], Proposition A.3 gives
[M(u+ s(UTlu — u)) = M(u)|| 2 < Cs || ¥Tu — ully2.2,

where C' is a constant depending on n, M and the form of £. This dependence will remain, but
C' can change from line to line. Using the above in (5.8), we bound

1
€ (u) — E(WTT)]| < / M+ 5(TTu — 1)) — M) 2 [ 91T — w2 ds

1
T / M ()| 2 [ 91T — ] » ds 5.9)
< O UTTu — s + M) g2 | 9TTw — gy
< O | MullZ.,

where the last inequality is (5.4) with f = ITu, g = Nu.

Now we estimate the finite-dimensional part |£(¥IIu) — £(0)|. We have Ilu = &/¢; for some
& € W, so by (5.6), Proposition A.3 and (5.4),

VO] < 2[M(UTTu)| 2 < 2| Mul| gz + 2 | M(VTTu) — Mu] 2
< 2[[Mull gz + C ¥y — ully22 < Ol Mull . -

Since f is analytic, (5.2) gives 8 € (3,1) and C such that |f(£) — £(0)|® < C|V f(£)|. Thus
[£(UTTu) — £(0)7 = [£(€) — £(0))” < CIVF(§)] < C | Mul| 2 . (5.10)

Since M : C%® — C%“ is continuous, M(0) = 0, and U is contained in the unit ball in C%?,
there exists o > 0 so that || Mu|| 0. < 0. Since M is compact and has finite measure, we have

[Mul| e < ClMul| e < CfIMufgoa < Co < C. (51D
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Using the elementary inequality |a + b|® < 2°(]a|® + |b|?), then (5.9), (5.10), (5.11), we get
E(u) = £(0)]7 < C(IE(u) — E(WITw)|” + [E(WTTu) — £(0)|%)
< C(IMul| 3 + [ Mul 2)
< CMullfz .

This is the required inequality. O
It remains to prove Lemma 5.4.

Proof of Lemma 5.4. We proceed in four parts. The first part constructs ¥, and the next three
parts prove (5.4), (5.5) and (5.6) in that order.

Step 1: The function V. Define N : C>% — C%* by
Nu = TTu + Mu. (5.12)
Since II is linear, the linearisation of A at 0 is
dNlp(v) = v + L,

which is symmetric and elliptic, just as L is. Note that dA\/|o has trivial kernel on C?; indeed if
dNo(v) = 0, then IIv = —Lv, but IIv € K while —Lv € K+, so we have Lv = 0 = IIv. But the
first equality implies v € K while the second implies v € K. Hence, v = 0. By Theorem 2.2,
this implies dA/|o has trivial kernel on W22, not just C2. Thus, elliptic theory (Theorem 2.3 and
Theorem 2.4) gives that d\|y is an isomorphism from €% to C%,

Viewing M as defined on Céa N Bs(0), its linearisation exists at any point in this domain by
the explicit formula for M in (A.1) and the holomorphicity of E noted earlier. Thus, M is
holomorphic on Cé’o‘ N Bs(0), and so too is V. Since d\|o : C** — C%“ is an isomorphism from
the last paragraph, d\|o : Cé’a — C’(g’o‘ is also an isomorphism.

Applying an appropriate version of the inverse function theorem [NirO1, Theorem 2.7.2] to the
holomorphic map N : C’é’a N Bs(0) — C(%O‘, we get that N that bijects from a neighbourhood U¢
of 0 in Cé’a N B;s(0) onto a neighbourhood W of 0 in Cg’a, with holomorphic inverse U¢c = A/ 7L.
Setting U = C%® N Uc and W = C%“ N W, the function W restricts to a bijective real-analytic
map ¥ : W — U. Note that U c C%“ N B;(0).

In the next three steps, we successively shrink U and W so that (5.4)-(5.6) hold. Whenever we
shrink U, it is understood that W is shrunk accordingly to keep ¥ : W — U a bijection, and vice
versa when we shrink WW. All constants C' below depend on n, M and the form of £.

Step 2: Establishing (5.4). Let f,g € W and write u = ¥f,v = ¥g. We have u,v € U, so
llullo2 , |v||2 < 0. Thus, Proposition A.3 gives

Mu — Mo = L(u —v) + a" (u — v);; + 0*(u — v)q + c(u — v),

where subscripts denote partial derivatives, and |a| + |b] + |¢| < C(||ul|c2 + ||v]|c2). Since f =
NV f = Tu + Mu, and similarly g = ITv + Muw, the above identity can be written

(v —u) + L(v — u) = a9 (u —v)i; + b*(u —v)o + c(u —v) + g — f. (5.13)
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Projecting both sides onto K using the L? inner product, and noting that L takes values in Kt
(Theorem 2.3), we get
(v — u) = IIF,

where F is the right-hand side of (5.13). Thus we obtain the L? estimate
100 —w)ll 2 = [TF] o < |Fll o < Clllullen + [0l e) ot = vllyas + llg = £l o
But the finite-dimensionality of K means the L? and W22 norms on K are equivalent, so we get
1M1 = wllyas < Cllullgs + [0l ) ot = vllyyaz + Clg = fl 2 (5.14)
Similarly, projecting both sides of (5.13) onto K gives
L((v—u)t) = Ft.

Therefore, Theorem 2.4 comes in to give the estimate

(v =) llwee < CIIF* 2 < ClIF 2 < Clllullce + [0llge) lu = vllyae +llg = fll 2 (5.15)
Putting (5.14) and (5.15) together, we get

lu = vllypze < JT(w = 0) |2z + 1w = 0) w2
< C(llullgz + lvllg2) [lu = vllyzz + Cllg = Fliz2 -
Shrinking W so that f, g € W guarantees C(||u| o2+ ||v]|o2) < 3, this gives the required estimate.
Step 3: Establishing (5.5). Now consider the set U = {u € U | Ilu € W}. We will prove that:
@) Uisa neighbourhood of the origin in C?°.
(ii) For all u € U we have ||WITu — ITul|yy2 < C ||TTul2,.

We will then shrink U down to U so that (5.5) and the claim v € U = Tlu € W N K hold. By (i),
U will still remain a neighbourhood of the origin in C?*.

To prove (i), take any v € U and estimate

Il o < €]l < C ulla < Cllull e < Cllullga (5.16)

The first expression makes sense since K contains only smooth functions (therefore admitting
the C%“ norm). The first inequality uses the equivalence of norms on K by finite-dimensionality,
and the third inequality uses the compactness of M. Since W is a neighbourhood of 0 in C%,
(5.16) implies that as long as ||u|| 2. is sufficiently small, then ITu € W. This proves (i).

To prove (ii), let u € U and apply (5.4) with f = ITu and g = Nu to get
|UTTu — ullyy2e = || OIu — YN u|[jp22 < C||TTu — Nul| ;2 = C | Mul|,2 , (5.17)
where the last equality is (5.12). Next, we reason exactly as in (5.16) to estimate

Muflgze < ClTul[gz < Cllufle < Clluflpe < Clluflgza -
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If we shrink U enough, then for u € U this estimate makes |[Hu|| 2.« small enough to ensure
ITu € U, and we also have II(ITu) = IIu € W. This means ITu € U, so (5.17) comes into effect
with u replaced by Iu, giving

We need to further bound this by C || TTu||.. Using Taylor’s theorem (2.10) on M centred at the
origin in C?, there exists s, € [0, 1] such that

MIu = M(0) + Lllu + %dQM\s*Hu(H% Hu) = %d2M|s*Hu(Hu7 Hu).
This yields (since M is C?)

[MITuf o0 <

1 1
DM T < sp @M T2 < O . (5.19)
s€[0,1]

where |-, here is the operator norm on bilinear forms C? x C? — C". Combining (5.18) and
(5.19) then using the equivalence of norms on C, we get
9Tt — Tullyyos < C [ MITul| 2 < C [ MITul| o < C[Tuf2: < O[Tl
which proves (ii). Now we shrink U down to U as mentioned at the start of this step.
Step 4: Establishing (5.6). A consequence of (5.5) is that
d(V o II)|o = II. (5.20)

To see why, suppose h € L? has small L? norm. Then |[II%| ,» and ||IIA[| o2, are both small. Thus,
for h near the origin in L? we get I1h € U, so (5.5) gives

(% o T)h — (¥ o I1)(0) — LA 2 = [[WITh — ITA| 2 < |[ITh — ITA]pa
= ||WII(TTh) — TI(I1A)||yy22 < C|TIA|[72 < C k)72 = o([|k] 2),
which is precisely what (5.20) means.
Let W = {¢ = (¢!,...,¢%) e RY| ¢yp; € W N K}, and define f : RY — R by f(&) = £(T(&))).
Then for each n € R? and ¢ € W, we have

(0, VI(&))pa = %L:Of(é +sn) = o ‘ W5+ 50’ ;)
= - <M<\P<§j@j>)vdqj|§j¢j (n’ %)>L2 (5.21)
= — (M), [@¥]er, ~IDOPy)) |, = (MOEE0))0705) -

Since VU is real-analytic, dV is locally Lipschitz, but we can simply restrict W (hence U) to make
dV¥ Lipschitz on its domain. Now (5.20) gives the estimate

|@¥ley, =P )|, = ||@¥lesy, — a0 )| , < Clélink (5.22)

The second inequality uses the fact that all p-norms are equivalent, so |n|; < C|n|2 = C|n|. Let

us NnOw cnoose 1 —= so that by and the Cauchy-schwarz 1nequa 1ty,
h [l so that by (5.21), (5.22) and the Cauchy-Sch I

IV < 1+ Cle) M@ E )] 12 -
Shrinking W (hence W and U accordingly) so that C'|¢| < 1, this yields (5.6). O
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5.3 Proof of Theorem 5.1

We will now prove Theorem 5.1, following [Sch14]. We seem to be able to find some minor
simplifications to the original proof, which hopefully makes our presentation more lucid. On the
other hand, our Lemma 5.7 expands on important details which are absent in the original, and
these details tie in heavily with Appendix B.

In this section, ¥ ¢ R"*! is a fixed compact, embedded shrinker. The key step is to show that if
an RMCF has ¥ as a tangent flow, then it eventually becomes a small C?© graph over ¥ forever.
Uniqueness will follow easily. This is a consequence of two lemmas: the first says that a C*
graphical bound for RMCF can be extended in time as long as the L? norm remains small.

Lemma 5.6. Given oy > 0, there exists 6 > 0 so that if {3s}c|r,0) s a family of hypersurfaces
evolving by RMCF, and ¥, is the graph over X for s € [1, T + 1] of a smooth function u(-, s) (herein
written u(s)) with

sup  [u(s)|cza < 00 and sup  |lu(s)]| 2 <9,
s€[r,7+1] sefr,r+1]

then X is the graph over ¥ for s € [T, T + 2] of an extension u of u in time, with

sup [[u(s)| gz < o0
s€[r,7+2]

Proof. If this were false, then there is a sequence of RMCFs {ng)}se[ﬂm)’ ren so that the following

holds. For each k, we have that I'\") is the graph over ¥ for s € [r, 7 4 1] of a smooth function
ul®) (., s) with
(k) (k) !
sup |[u'¥(s)||cze <009 and sup |[u'¥ (8|2 < =, (5.23)
s€lr,m+1] s€[r,m+1] k

)

but there is no extension ) of u(*) to time s € [, 7 + 2] so that 1 is the graph of u*) with

sup _[[@®)(s)| gz < o0. (5.24)
se[r,7+2]

By the compactness theorem for rescaled Brakke flows (see §3.3.3), there is a subsequence ngi),

k; — oo, converging to another rescaled Brakke flow I in a suitable Brakke sense. We argue that
the convergence is in fact smooth. To see this, note that each u(¥) satisfies a parabolic equation by
Proposition B.3. We may therefore use parabolic bootstrapping to turn the uniform C?“ bound
of (5.23) into uniform C'“ bounds for each ¢ € N, say

sup  [[u® (s)]| cee < ov. (5.25)
s€[r,7+1]
for each k. By (5.23), we have u(%) (-, $)|ser,r+1) — 0in L?(X x [r,7 + 1]). Coupled with (5.25),
this implies the convergence also holds in C*~(X x [r, 7 + 1]) for each ¢, and therefore in C>°.

It follows that the limit rescaled Brakke flow T is actually a smooth RMCF coinciding with the
static RMCF ¥ during the time interval [r, 7 + 1]. But this implies I" coincides with 3 forever by
the uniqueness of RMCF (this is the rescaled version of Theorem 3.5). Since every timeslice of
I" is smooth with unit multiplicity, Brakke’s regularity theorem [Bra78] implies the convergence
ng") — I is smooth on compact subsets of R"*! x R. This contradicts (5.24). O
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The second lemma uses the Lojasiewicz—Simon gradient inequality to bound the L? change over
time for a graphical RMCF over Y. This upper bound becomes arbitrarily small for large enough
times, so it is later used to realise the L? condition of Lemma 5.6.

Lemma 5.7. There exist oy > 0, 6 € (0, %) and C' > 0 depending on n so that if ¥ is an RMCF in
R for s € 11, 7o), and X is the graph over X for each s of a smooth function u(-, s) with

sup [[u(s)lc2a < o0,
s€[T1,72]

then

T2

sup_uls) ~ u(r) 2 < [

s€[r1,72] T1

Proof. The first inequality in (5.26) comes from

s Ou s T
/ —dT < sup / dr < /
T1 87— L2 SE[Tl,’Tz] T1 L2 1

so it remains to prove the second inequality. By the explicit expression (B.1) for Fx,, we have

@
or

ou

E dT,

L2

sup [lu(s) —u(m1)ll 2 = sup
s€[r1,72] s€[T1,72]

n_ lztu(@)n@)]?
4

Fotu) = [ (4m) ¥

Wy, ($)>
where v, () is the relative volume element. By Lemma B.1, v, can be written as
vu(z) = vz, u(x), Vu(@)),

where v is analytic in the v and Vu entries for ||u||o sufficiently small, and is uniformly convex
in the Vu entry for ||u||1 sufficiently small. Therefore, F; satisfies Assumption 5.2. Let My, be
its Euler-Lagrange functional. Then Theorem 5.3 gives 0y, C' > 0 and 3 € (%, 1) depending on n
and the form of Fx, (thus only on n as F, is otherwise fixed) such that for all u € C*“ N B,,(0),

[Ms(u)| 2 > C|Fs(u) — Fs(0)/°. (5.27)
a:\2

Write p(z) = (47)"2e~ 4, and let 2 and y be generic points on X and ¥, respectively, related
bijectively by y = x 4+ u(x, s)n(x). By Lemma 3.24, we have

nzs ?
%fz(u(s)) - —/S (HZS W 5 >> py)

2
_ _/ (Hu(s) B (z + u(z, s)2n(:1:)7nu(s)>> () V(o) (),
>

where H,,)(z) = H*s(y) and n,)(z) = n>:(y). To simplify notation, let X be the expression

2
X — / (Hu(s) _ (z+ u(m,s)n(x),nu(s)>> P()uis) ().
D

(5.28)

2
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By the Cauchy-Schwarz inequality and Proposition B.2,

2
X 2/2 <Hu(s) _ <w+u(x,s)n(w),nu(s)>> (0,102 () ()

- /E M (u(5)) P (p(0)vage ()~

(5.29)

Since v, = 1 when u = 0, and v depends smoothly on v and Vu, we can use the assumption that
u(s)llc2.c < 00 to bound v, () from above by a constant depending on 0. Using this in (5.29)
together with p(y)~' > (47)2, we further estimate

P / Ms(u(s))2 = C [ Ms(u(s))[22 (5.30)

where C = C(n,09) = C(n) > 0. At the same time, using the evolution equation for RMCF
(Lemma 3.21) followed by Corollary B.4, there exists C' = C(n) such that

x= [(Gin u(5> PV

Since X is compact and ||u|| 2.« < 00, it follows that |y| = |z + u(z)n(x)| is bounded and hence
p(y) > C for some positive C' = C(n, 09) = C(n). Like above, we can bound v,,(,) from below by
C = C(og) = C(n). Therefore

' g;‘ (5.31)

Putting (5.30) and (5.31) back into (5.28), then using (5.27), we get

9 Folu(s) = ~X < O IMs(u(s)) 2 | 2

< ~CIFstuts)) - 7P 2]
We therefore have
~ L (Fo(us) = Fo0)) = (1 - B)(Fs(uls)) - Fs(0) <dfz(U(S)))
ds ds
ou (5.32)
> -9 5

Setting §# = 1 — 3 then integrating (5.32) yields the second inequality of (5.26). O

Proof of Theorem 5.1. Let 35 be an RMCF associated to an MCF of compact, embedded hypersur-
faces in R"*!. That is, 3, is obtained from an MCF by means of Definition 3.20, but we now refer
to the hypersurfaces themselves instead of the parametrising maps, seeing as they are embedded.
Suppose ¥ arises as a tangent flow of ;. We need to show that ¥ is the unique tangent flow.

Let o9 = op(n) be given by Lemma 5.7, and ¢ = 6(op) be given by Lemma 5.6. Further choose
0 < o < 0¢ so that whenever u € C?%(X) satisfies ||u/| 2. < o, we have
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@ flullz < $
(ii) %]fg(u) — Fx(0))f < %, where C and 6 are given by Lemma 5.7 depending on n.

The inequality (i) is possible since |lu||;> < C'||u||-2.. where C' depends on the (finite) volume
of ¥. Meanwhile, (ii) is possible since Fx(u) ~ Fx(0) if ||u|-: is small (see §B.2).

Suppose X4 is an RMCF which has ¥ as a tangent flow. Then there is a sequence of times s; — oo
such that the sequence of RMCFs {¥;} ¢(s,,s,+1] cOnverges smoothly to the RMCF of ¥, which
is stationary.? This means we can find a time s, such that 3, is a normal graph over ¥ for all
s € [s«, s« + 1], and the graph function u(-, s) satisfies ||u(s)||c2.. < 0. So (i) and (ii) apply to
u(s) for s € [s«, s« + 1]. By (i) and Lemma 5.6, ¥; is the graph of u(s) over X for s € [ss, s« + 2],
and [|u(s)||q2.« < 00. Lemma 5.7 now implies that for s € [s, + 1, s, + 2],

)2 < 5.+ Dll o + 5 (Folii(s. + 1) = Fo(0) < 5+ 5 =

[\)

The hypotheses of Lemma 5.6 are now met by u(s) for s € [s4, s, + 2]. It follows that for
S € [84, 8« + 3], X is the normal graph over ¥ of u with ||u(s)|| 2.« < 00. Applying Lemma 5.7
again, we get that for s € [s. + 2, s, + 3],

NGRS

[a(s)ll 2 < lu(se + Dl e + g(}"z(ﬁ(s* +1)) = Fx(0)? < =4

0 +

Iterating indefinitely gives that X, is the graph of u(s) over X for s € [s,, 00), and
[a(s)llc2.0 < 0. (5.33)

Then whenever i and s are such that s > s; > s,, Lemma 5.7 gives

J(s) 2 < o)l + 5 (Fo(atsn) - F ()" (5.34)

As i — oo, we have u(s;) — 0 uniformly since ¥, — ¥ smoothly by how s; was chosen. Then

both terms on the right of (5.34) approach zero, giving

Jim [@(s)] 2 = 0,

i.e. u(s) — 0in L2. Since u is a graphical RMCF, it obeys a parabolic equation (Lemma B.3).
Parabolic bootstrapping turns the uniform C** bound (5.33) into C*® bounds for all &, say

[a(s)llcra < Cr

for all s € [s.,o0). However, L? convergence and uniform boundedness in C*® implies C*~!
convergence, so i(s) — 0 in C* for all k. We are done, because this shows that the hypersurfaces
Ys = graphy,(u(s)) of the RMCF converge in C* to X along every sequence of times s; — co. []

2This appeals to the perspective of tangent flows as rescaling limits of MCFs; see the end of §3.3.3.



Chapter 6

Uniqueness of Cylindrical Tangent
Flows

To prove uniqueness of tangent flows for all mean convex mean curvature flows (Theorem 3.31),
it remains to prove that all cylindrical blowups are unique:

Theorem 6.1 ([CM15]). If a unit multiplicity cylinder arises as a tangent flow of a compact,
embedded MCEF, then it is the unique tangent flow at that point.

Like uniqueness of compact tangent flows, the proof is driven by Lojasiewicz-type inequalities.
However, the Lojasiewicz—Simon gradient inequality of Theorem 5.3 is unusable, in part because
the tangent flow in question is now noncompact, but also because the compact hypersurfaces of
the RMCF are never graphs over the whole cylinder. In this chapter, we will follow Colding and
Minicozzi’s paper [CM15] where new lLojasiewicz-type inequalities are developed, using entirely
novel techniques, leading to a successful proof of Theorem 6.1. Analogues of both inequalities
(5.1), (5.2) will be proved, with the former implying the latter.

We start with a synopsis to distill the key ideas of the proof. This summary is our own, and we
hope it illuminates an otherwise highly technical chapter. For the main matter, our treatment
retains the skeleton of the original paper, but our statements and proofs diverge from the original
at numerous points (most notably in §6.2 and §6.5, and to an extent §6.3). These are our
efforts to improve accuracy and intelligibility, and to correct any mistakes we could find. These
changes typically blend our own arguments with those from various other sources (e.g. [Man14],
[CM19b], [Zhu20]).

We tend to omit proofs that are already detailed enough in the paper and where there is little to
add, chiefly those in Section 3 of the paper. We simply state the results and move on. In exchange,
the proofs we elect to include are presented more meticulously than in the original.

6.0.1 Preliminaries for this chapter

In this chapter, all hypersurfaces are embedded, and we use the weighted LP norms from §4.1.

=2
Thus, for a hypersurface ¥ C R"™!, we have [ull}, ) = Js ]u\p(f%. Similarly we define

48
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|ull o (Bpsy for R > 0. We write |ul|;, and |ul|» (g, if there is an obvious candidate for .

Two important quantities on ¥ are the tensor 7 and the function ¢ : ¥ — R, defined by

A
_H M
Note that V7 = 0 on a cylinder, and ¢ = 0 if and only if ¥ is a shrinker (Theorem 3.9). Next, we
define the entropy of X. For each zo € R"*! and 7 > 0, let

o(x) = ~H(z) + 2O

T =

z—zg|?
Fror(D) = (47) "3 / S
b
so that 7y ; = F. The entropy of ¥ is defined by
AX) = sup  Fgo o (2). 6.1)

rzo€ER" T >0

Arguing similarly as (4.1), polynomial volume growth implies finite entropy A(X) < A\g < oo. If
Y is a shrinker, then the converse holds: bounded entropy implies H"(Bg(zo) N 2) < C(Ag)R"
for all g € R**! [CZ13]. Bounded entropy also yields a cutoff lemma:

Lemma 6.2 ([CM19b]). If ¥ C R""! is a hypersurface with A\(¥) < )\¢ < oo, then for any
Euclidean ball Bg(z¢) C R™*! we have

|z —aq|? 2

T R
/ |z —xo|"e” 7~ < CAgRPe™ % < o0,
E\Bg(zo)

where C = C'(m,n, \g) and p = p(m,n).
In an earlier paper, uniqueness of type for cylindrical tangent flows was proved:

Theorem 6.3 ([CIM15]). If a unit multiplicity cylinder arises as a tangent flow of the RMCF at a
point of a compact, embedded MCEF, then all tangent flows are rotations of this cylinder.

Theorem 6.1 strengthens this by ruling out the rotational freedom. The proof uses Theorem 6.3
directly. We will not prove Theorem 6.3; although this may seem an excessive leap, many proofs
in this chapter are borne out of ideas from [CIM15], so readers will find that paper accessible
after reading this chapter or the paper [CM15] which this chapter is based on.

6.1 Synopsis

Let us now outline how Theorem 6.1 will be proved. Figure 6.1 illustrates the pipeline of main
ingredients in the proof, which we will run through shortly.

6.1.1 The cylindrical scale

Let C;, be the set of all rotations of Sf/ﬂ x R"~* about the origin in R"*!, where k € {1,...,n—1}.
If a tangent flow is cylindrical, then it belongs to Cy, for some k (Theorem 4.1), and in fact all
tangent flows belong to C; (Theorem 6.3). The Lojasiewicz inequalities used to prove Theorem
6.1 are therefore designed for hypersurfaces already ‘close’ to C. To quantify this closeness, we
will use a cylindrical scale defined for an embedded hypersurface ¥ ¢ R"*! as follows.
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Graphical bounds V7|~ bound
(Proposition 6.10) (Proposition 6.17)

>N, 7

Lojasiewicz I
(Theorem 6.7)

Extension step Improvement step Gradient Lojasiewicz
(Theorem 6.28/6.36) (Theorem 6.27/6.37) (Theorem 6.8)

Scale comparison
Choose
\ ***************** g small and
B,¢, K large

(Theorem 6.26)

Uniform C?“-closeness Discrete inequality
(Lemma 6.41) (Theorem 6.39)
Uniqueness

(Theorem 6.1)

Figure 6.1: Main theorems in the proof of Theorem 6.1 and their relationships.

Definition 6.4. Given ¢, R > 0, we say that X is (g, R, C>®)-close to another hypersurface I if
Bgr N is the normal graph of some u € C*%(T") over I with ||ul|p2.. < e.

Definition 6.5. Given e > 0, / € N and K > 0, the cylindrical scale r. ¢ i () is the maximum R
such that

e Yis (g, R, C%%)-close to a cylinder in C}, for some k, and |V‘A| < K on Br N X.

As r. ;g (X) depends on ¢, ¢ and K, this really defines a family of cylindrical scales. For a fixed
K, taking ¢ small and /¢ large makes B N X increasingly cylinder-like whenever R < r. , g (X).
We think of B N X as being close to Cj, (this qualification of course depends on ¢, ¢ and K).

Lemma 6.6. Let R < r.y i (X). On Br N %, there is a lower bound for H depending on ¢, and for
each j < { there are upper bounds for |V7 A|,|VIH|, |V’ 1|, |V?¢| depending on ¢, j, K.

Proof. Suppose Br N X is the graph of u over I' € Cj, with ||u||2.« < €. Since I' has constant
|A]? =1 and H = \/k/2, and the A and H of B N'Y depend on second derivatives of u, we
get control over |A| and a lower bound for H using . The bounds on |A| and |V*A| interpolate
to bounds on |V7 4| for all j < ¢, and therefore bounds on |V’ H|. Since V/7 is an expression in
A, H and their covariant derivatives with only H appearing the denominator, it is also bounded.
Finally, ¢ depends on up to second derivatives of « by Lemma B.1 (specifically ¢ = %Uu — H,
over there). But the |V7/ A| bounds control the (j + 2)-th derivatives of u, so we can use this to
control |V7¢| for all j < /. O
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6.1.2 lLojasiewicz inequalities for cylinder-like hypersurfaces

Let ¥ C R™*! be a hypersurface and I' € Cy. For 2 € ¥, let wr(x) be the distance from z to the
axis of I'. Using this, we define a weighted L? distance from ¥ to C; within By by

2 =2
= inf / (wp — \/2]{})26_%.
BrNX¥

de, (BRNX)? = inf
Ck( R ) m L2(BR|"‘|E) T'eCy

I'eCy

wr—\/ﬁ‘

The first Lojasiewicz inequality bounds this distance as long as B N ¥ is sufficiently cylinder-like.
This translates to the requirement that R < r. ¢ k() where ¢ is small and / is large. We also
need a lower bound R > Ry to make sure everything happens on a nontrivial scale to begin with.

Theorem 6.7 (Lojasiewicz I, 0.24'). Given n, there exist ¢y and ¢y with the following property. For
all \g >0, € < eg, £ > lg and K > 0, there exists Ry = Ro(n, Ao, ¢,¢, K) so that if & c R" is a
hypersurface with A\(¥) < Ao and R € [Ry,r. ¢k (2)], then

dg R

do _
de,(BrN%)? < CRP {HWIL?(BR) +e }

where C' = C(n, Mo, &,0,K), p=p(n) and dy, € (0,1) /1 as{ — oo.

Since every I' € Ci, is a shrinker and therefore has ¢ = 0, this bounds the distance from By N X
to the zero set of ¢ using ¢ itself, in similar spirit to (5.1). Meanwhile, there is an error term
coming from a cutoff as ¥ is not an entire graph over the cylinder. The proof is detailed in §6.2
and §6.3, and uses two delicate results: a graphical proposition and a bound for ||V 7||-.

Colding and Minicozzi’s original statement does not impose a variable lower bound R > Ry, but
we believe it is needed for technical reasons in the proof. Anyway, the lower bound is on the
whole harmless, as we are only interested in using the theorem when R ~ r. ¢ x(X) > Ry. Still,
it has a spillover effect on the theorems that follow.

In §6.4, we will use Theorem 6.7 to prove a gradient inequality which generalises (5.2). Note
that all cylinders in Cj, have the same F value by symmetry, so we can make sense of F(Cj). We
again highlight the presence of noncompact error terms.

Theorem 6.8 (Gradient Lojasiewicz, 0.26). Given n, there exist ¢y and (o with the following
property. For all \g > 0, € < gq, £ > {p and K > 0, there exists Ry = Ry(n, \o, &, {, K) so that if
¥ C R*"" is a hypersurface with A\(X) < Ao, R € [Ro, r- ¢ x (X)), and B € [0, 1), then

o2l _nGHORT (g Ro1)?
If(z)—f(ck)lSCRp{”(b”LZ’éE?“e B &

where C = C(n, X, &,{,K), p=p(n) and dy,, € (0,1) /1 as { — oc.

While these theorems look complicated, we emphasise that most of their conditions simply
express the requirement that Br N X is cylinder-like. It is for this reason that we refer to them as
Lojasiewicz inequalities for cylinder-like hypersurfaces.

!In this chapter, numbers in parentheses after theorem/lemma numbers indicate the closest (but often not exact)
match in the numbering of the original paper [CM15].
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6.1.3 From Lojasiewicz inequalities to uniqueness

The gradient inequality of Theorem 6.8 will be applied to the timeslices X1 of a given RMCF,
then used to prove uniqueness of cylindrical tangent flows. The key milestone will be to bound
each term on the right by a power greater than % of F(X7-1) — F(X741), so that

Ltp

|F(Er) — F(Cr)| < C(F(Er-1) — F(E141)) 2 (6.2)

for some p > 0. This is Theorem 6.39, and we call (6.2) the discrete differential inequality.

To turn the gradient inequality into (6.2), note that the former currently has six degrees of
freedom: n, \o, ¢, ¢, K and 3. As we are dealing with a given RMCF, n and )\, are enforced upon
us, leaving four free variables at our disposal. The plan is to apply the gradient inequality with a
judicious choice of these parameters so that (6.2) follows; there are two parts to this.

(1) We will choose f close to one and ¢ large to make the exponent on |||, in the gradient
inequality greater than one. A mean value inequality will bound ||¢|3. by a constant times
F(Er_1) — F(Er41)-

(2) We will choose K large to bound both error terms by a power greater than % of F(Xr_1)—
F(X7141). This will require a C?*-closeness criterion to be met (Theorem 6.26).

Since ¢ plays no part here, we can fix it to be the ¢y = ¢¢(n) of Theorem 6.8. To sketch how
(2) works, observe that (1) makes the error terms essentially e_RTQ. To bound these, we ask if
there exists R within the applicable range of the gradient inequality (i.e. R € [Ro,r., ¢,k (237)])
satisfying

L4y

R2
e T < (F(Er-1) = F(Er41)) 2
for some i > 0. Phrasing this question differently, we define a shrinker scale R(X7) by

_ R(27)?

e 1 = (F(Sr_1) - F(Sra1))2,

N

and ask whether there exists ;> 0 such that

reook(X7) > (14 p)R(37).

In Theorem 6.26, we will show that this inequality holds when the RMCF ¥; meets a uniform
C?“-closeness criterion and K is large. The C?“-closeness criterion reads:

(#7) Foreachs € [T — 3, T + 1], X, is (eg, R1, C*%)-close to a cylinder,

where ¢ and R; are stipulated by the theorem. Theorem 6.26 is proved by repeated iteration
of two theorems, called the extension and improvement steps. The improvement step is a con-
sequence of the first Lojasiewicz inequality, while the extension step is derived from standard
regularity results for MCF. This procedure is developed in §6.5.

Thus, (#7) is the condition required to bound the error terms as per (2). Theorem 6.39 puts
everything together, giving that if (#) holds, then the discrete differential inequality (6.2) can
be obtained from the gradient inequality by choosing 3, ¢ and K according to (1) and (2).2

ZWe also need to choose 3 and ¢ slightly larger to absorb the R” term in the gradient inequality.
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The point is that if ¥, is an RMCF with a cylindrical tangent flow, then (#;) holds for all large s
(Lemma 6.41). From the last paragraph, this means (6.2) holds on X, for all large s. We will use
this to show that

/1 18]l 15, ds < oo

Since ¢ is the speed of the RMCF by Lemma 3.21, this shows that the flow has finite length, so
Y5 has a unique limit (Lemma B.5 makes this precise). Theorem 6.1 follows. Observe that this
last part is basically what was outlined in §5.1.

Remark 6.9. In practice, steps (1) and (2) above are reversed. Namely, Theorem 6.26 will show

that there exists such a K for each ¢, and then 3 and ¢ are chosen large afterwards. This is

because we actually have to choose 3 and ¢ depending on a constant coming out of Theorem
2

R . . . . .
6.26 as the error terms are not exactly e~ 4 . The mean value inequality mentioned in (1) is also
packaged into Theorem 6.26, purely for convenience. We ignored these matters in the synopsis
to simplify discussion, but the essence of the strategy remains unchanged.

6.2 A graphical proposition

Over the next two sections, we will prove the first Lojasiewicz inequality, Theorem 6.7. This
hinges on the next proposition, which says that if a hypersurface ¥ is almost cylindrical on a
small scale and ||¢|| -1 ,||V7T||o1 almost vanish on a large scale, then ¥ is almost cylindrical on
the large scale. The proposition supplies pointwise graphical bounds to be used later.

Proposition 6.10 (2.1). Given n and K, there exist ¢g = 9(n) and €1 = £1(n, K1) so that if
¥ c R** is a hypersurface with

(1) H>1and|A|+|VA| < Kion BRNY;
(2) X is (0, 5v2n, C?)-close to a cylinder in Cy, for some k > 1;
then whenever r € (5v/2n, R) has
@ l6llors, o+ VT lleas, < ev
(4) B,N X is connected for all p € (5v/2n,r);
we have that B, N X is the graph over a (possibly different) cylinder in Ci of u with the bound
[u@)|+ [Vu@)] < C (r9llers, o+ 7 197 lerca )
where C = C(n, K).

Remark 6.11. The statement in the original paper does not have condition (4), but it seems
necessary (see Step 5 of the proof in §6.2.2). Anyway, when the proposition is applied we will
already assume Bp N X is graphical over a cylinder, and this geometrically implies (4).

6.2.1 Ingredients for the proof of Proposition 6.10

The proof of Proposition 6.10 uses three lemmas. We omit proofs of the first two, instead focusing
on the third where our version differs from [CM15]. The first lemma is from [CIM15]:
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Lemma 6.12 ([CIM15, Corollary 4.22]). Let ¥ C R"*! be a hypersurface with H > % and

V7| + |V27| < e < 1. Suppose T has at least two distinct eigenvalues k1 # ko at x € X. Then

1 1
|I€1I€2’§8€< + 2).
k1 — k2| [K1 — Kl

The second lemma we need is a spherical variant of Theorem 6.7.

Lemma 6.13 (2.5). Given k and o > 0, there exist o and C so that if ¥q C R*+1 is the graph over
Sf/ﬁ of a function u satisfying ||u|| p2.« < €o, then

\|U||c2,a(sf/ﬁ) <c ||¢||co,a(zo) :

The third lemma says that if X is almost a shrinker and is almost translation invariant in n — k
directions, then slicing ¥ orthogonally to these directions gives a k-dimensional almost-shrinker.
We will use this to slice an almost-cylinder down to an almost-sphere.

Lemma 6.14 (2.11). Let (x1,..., 2z, 1) denote coordinates in R™*1. Let ¥ C R™*! be a hypersur-
face, 1 = {xp12 = 213 = ... = xp41 = 0}, and X9 = X NIL Fori € {k+2,k+3,...,n+ 1},
define v; = Vu;, the tangential projection of 0; onto X. If x € ¥ is a point where X intersects 11
transversely, and for all i we have

i) 21 —¢,  |[Vui(@)| <&, A0 +[(VA)( 0] <, (6.3)

then | (vi(z),vj(x)) — 0i;| < 2¢ (in fact this requires only the inequality on the left). Additionally,
there exists £1 = £1(n) such that if ¢ < €3, then

|0 (x) — d(2)| + [V (go(x) — ¢(2))] < Ce(1 + |¢(x)] + [V (z))),
where C = C(n), and ¢y is the ¢ of X.

Remark 6.15. In the original paper, this is stated for £ = n — 1 without tight constraints on &,
and is iterated n — k times when applied. However, this overlooks the subtlety that ¢ must be
small to allow repeated application of the lemma. We found it easier to instead generalise the
lemma to arbitrary k, giving the statement above. Our proof generalises the k£ = n — 1 case, but
original arguments were needed to overcome high-dimensional complications.

Proof of Lemma 6.14. All computations in this proof are done at the point x, which will be sup-
pressed in notation. Since v; = 9; — (9;, n) n where n is the unit normal to ¥ at z;, we have

<Ui,1)j> = <8Z - (82, Il) n, 8]‘ — <(‘9j,n> Il) = (5,7‘ - <8Z, n> (8]‘, Il) . (64)
Since |v;]2 = 1 — (8;,n)? and |v;] > 1 — &, we have
(8;,m) < V2. (6.5)

Combining this with (6.4) gives
| (vi, v5) — 6ij| < 2e, (6.6)
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which is the first claim. Next, apply Gram-Schmidt to the vectors {vii2,...,v,41} to get an
orthonormal set { ‘Zii §| ey ﬁ”i i| }, where each w; is the formal determinant
(Ukt2,Vkt2)  (Ukt2,Vk43) 0 (Uk42,0im1)  Ukto
1 (Uk+3 Vk+2)  (Uk+3,Vk+3) o0 (Uk43,Vim1) Uk
w; = . . (6.7)

|Uk+2|2 e ”Uz‘—l\Q
(Vi Uiy 2) (Vi,vke3) o0 (i, vi-1) ;i

First assume that ¢ < % We may use (6.6) and (6.7) to get a constant N = N(n) such that

1 <1—Ne<|wj|<1lforeachie {k+2,...,n+1}. Namely,

* Expanding (6.7) and using the reverse triangle inequality together with % <l-e<|y| <1,
we get |w;| > 1 — e + O(g), where the coefficients in O(¢) depend only on n. Thus, we can
shrink ¢ to get |w;| > 1 — Ne for some N = N(n). The bound |w;| < 1 follows trivially from
the Gram-Schmidt algorithm. We may shrink ¢ further (depending on n) so that Ne < %

We can also arrange that [Vw;| < Ne (for a possibly different V); the idea is to apply V to (6.7)
and use |Vv;| < ¢, the Cauchy-Schwarz inequality and § < |v;| < 1. Likewise we can bound
|A(-, w;)| + [(VA)(-,w;)| < Ne using (6.3), the bilinearity of A and V A, and the aforementioned
facts. If N was enlarged at any point, tighten ¢ again to ensure Ne < 3. To summarise, choosing
¢ small enough ensures that foralli € {k +2,...,n+ 1},

1 1 1
1> |w;l 21—Ns>§, |Vw;| §N5<§7 |A(-,wi)]+|(VA)(-,wi)!§N5<5. (6.8)
If e1,...,ex is an orthonormal frame for ¥ in a neighbourhood of x, then
Wi+2 W43 Wn+1
€1,-.-,€k, ) ety
(Whr2| " [wk3] |Wn 1]

is an orthonormal frame for ¥. Furthermore, if ny € R¥*! ¢ R"*! is the normal to ¥ at z, then

n+1 n+1 n+1 1/2
-2 in d;,n) 0;
ny = - Zl_k'(;2< n) , a=|n-— E (0;,m) 0;| = <1 - E <8¢,n>2) . (6.9
i=k+2 i=k+2

Transversity ensures that o # 0. Since V,e; € R, we have (V.e;,0,) = 0 for ¢ € {k +
2,...,n+ 1}. Thus, (6.9) gives (V,,ej,ng) = L (V,,e;, n). It follows that

k n+1
w
H — HO = — ;A(ei,ei) + :z: A (,wj‘, |w> + Z <Velez,n0>

j=k+2
_ 1—Q§A<6i - S af ) (6.10)
a = S \lwil fwl
n+1
Trio ‘U’J| ]w]|
As z € Xy, we have xp10 = ... = 241 = 0, s0 (zg,n9) = (x,ng) and (z,0;) = 0 for ¢ €
{k+2,...,n+ 1}. Using this in (6.9), we get
(z,10) — (z0,10) = (z,n) — — { ,n %@ 0o ) = 2L () 6.11)
€T — (X =z ——\Z - 7 ) — ——— \&L, . .
) 0, 110 ) o 3 s a
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Combining (6.10) and (6.11) gives

6~ b0 = 3 ((x0) — (ro,m)) — (H — Hy)
a—1/(1 1 Wi w;
_ Lom-m)+l 3 4 )
o (st ) ) (o o 6.12)
:a—1¢+l§A<wj wj>
o « ’wj‘ |wj\

j=k+2

To bound this, we may assume ¢ < ﬁ, so that by (6.9), (6.5) and 0 < a < 1, we have

) n+1 ) 1
a>a‘=1-— O;,n)">1—2e(n—k)> =,
i;; ) ( )25
n+1
l—a<l—-ao®= Z (8;,m)? < 2e(n — k) < 2ne,
i=k+2
n+1 n+1 n+1 n+1
Val < 2/al|Va| = |Ve?| < Y [V(@,n)? = > [Vu?|<2 ) [Viull <2 ) [Vuy| < 2ne.
i=k+2 i=k+2 1=k+2 i=k+2

The last line uses |v;|> = 1 — (9;,n)* and the Kato inequality. Using these in (6.12) and keeping
(6.8) in mind, it follows that

n+1

2
|6 — go| < dnelg|+ — > |A < ] )‘ < 4ne|p| + 4nNe. (6.13)
|wj] jkto w;]’
Similarly, differentiating (6.12) gives
Val IVal A, w)|
’ (¢5 ¢0|<7’V¢‘+ﬁ’¢‘+ ZW
j=k+2 J
asy - (6.14)
L1 3 (!(VA)(wJZ,wJ)! +2‘A (vw]w]>D
e |wj| w; " |w;]

< 4ne|V | + 4ne|p| + 16n%e%|¢| + 16n?Ne? 4 4nNe 4 16nNe.

Adding (6.13) and (6.14) gives the second claim of the lemma, since €2 < e and N = N(n). O

6.2.2 Proof of Proposition 6.10

Our proof is structured like the original proof in [CM15], and is in five steps. Steps 1 and 2 follow
the original. In Step 3, we borrowed arguments from [Man14] and made sure to use our version
of Lemma 6.14. Step 4 is different, and our version resolves what seems to be an error in the
original proof (discussed in Remark 6.16). The constructions in Step 4 are similar to, but not the
same as, those in [CM19b]. The original proof has no Step 5, but it seems necessary to complete
the proof; we adapted ideas from [CIM15] in our explanation.
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Proof of Proposition 6.10. All constants C' will have dependence at most C(n, K7). We include
illustrations for the case n = 2, k = 1.

Step 1: Fixing the model cylinder. By the (¢, 5v/2n, C?)-closeness to a cylinder in Cy, at any
point p € B, 5, N X there are n — k orthonormal eigenvectors

U]H-Q(p)’ Uk:-‘rS(p)v v aanrl(p)

of A with eigenvalues ri2(p),. .., knt1(p) of absolute value less than ﬁ, and k other eigen-

values greater than %. This assumes that & is chosen small depending on n. Since H > 4 on
B, /3 N ¥ and ||V7H01(32m) < 1 (taking 1 < 1 say), Lemma 6.12 and A = Hr give that

|ki(p)] SCHVTHCl(BE)m), E+2<i<n+1. (6.15)

Intuitively, the vectors {v;(p)}"! ., are the flat directions at p of the almost-cylinder By 5. N .
We will write ¥ as a graph over (part of) the cylinder Sf/ﬁ x R"* rotated to align the R"~*
directions with the flat directions. Without loss of generality, assume the flat directions coincide
with the coordinate directions x o, ..., Z,+1, SO NO rotation is required (see Figure 6.2). Extend

the v;(p) to n — k tangential vector fields v; on 3 defined by

vi(z) = Vo = vi(p) — (vi(p), n(z)) n(z). (6.16)
S \10 x R?
ol
) ' Ml
\‘1 t b
e
\‘\“==-,’71 v3(p)
ﬂ\... ."“ p
N
e e
RN
jdisgse et
O
R G

Figure 6.2: Using the vertical directions to X at p to determine the model cylinder.

Step 2: Bounds near p. For any p € [5v/2n,r), let Q, be the set of points in B, N ¥ which can
be reached from p by a path in B, N3 of length at most 3p. We will show that for all z € ),

jvi(2) = vi(p)| < Cp* IVl pap,) » (6.17)
7o (v)| < Co* VT o m,) (6.18)
Vo)Al < Co* VTl cagp,) - (6.19)

Since p? IV7llc1(p,) < €1 is small, these bounds convey that €2, is almost cylindrical.
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Let v : [0,3p] — B, N X be a curve with v(0) = p and |7/| < 1, and let w be a parallel unit vector
field along v with w(0) = v;(p). Then at any point y(s),

IVyoyT(w)| < CIVT|Y[|lw] < ClIVT g, -

where C' = C(n) arises from the equivalence of norms (as we have conflated operator and tensor
norms). Thus, integrating along v gives

[ (w(s))| < |7p(vi(p)] + 3pC VTl n s,y < ColIVTlcr(s,) » (6.20)
where the last inequality uses (6.15). Since |H| < y/n|A| < K;+/n, we then have
[A(w(s))| = [H||T(w(s)] < Cpl[VTlcrp,) -

Using this and V.,w = A(v/, w)n, it holds for any ¢ € [0, 3p] that

3p
lt) = (p)| = fu(t) = w©) < [ [AQw(s))]ds < Co [Vl
Since w(t) € T,)X, and v;(7(t)) is the orthogonal projection of v;(p) onto T’,;)X, we have

[0 (7(t)) = vi(p)| < lw(t) — vi(p)| < CP* IV cr ) »

giving (6.17). Likewise,

[w(t) = vi(y ()] < [w(t) = vip)| < CP* VTl cap,) »

so by (6.20) and the bound |7| = C(n)|A|/H < C(n, K1) from (1) in the hypotheses, we get

7y (W)l < |7 (w(®)] + 7 (w(t) — vi(v(O))] < CP IVl oap, ) -
which is (6.18). Finally, the Codazzi equations give that for any unit vector fields X and Y,
[(Vo, A) (X, Y)| = [(VaA) (vi, V)| = [(Vx (HT)) (vi, y)]

= [H(Vx7)(vi, )|+ |(VxH) - 7(vi, )|
S C Hv7‘||cl(Bp) + CPQ ||V7—H01(Bp) 5

where the last inequality used (6.18) as well as the upper bounds on |H| and |V H| induced by
the inequality |A| + |V A| < K. This proves (6.19).

Step 3: Graphical bounds on a cross-section. By (g, 5v/2n, C?)-closeness, the horizontal slice
EOZBS\/%QEQ{LE]H_Q: coe = Tpgl :0}

is almost Sf/ﬁ C R¥*+1. We will apply Lemma 6.14 to bound ¢ (the ¢ of ), then use Lemma
6.13 to get bounds when writing ¥ as the graph of a function ug over Sf/ﬁ (see Figure 6.3).

First, we check that ¥y meets conditions (6.3) of Lemma 6.14. The estimates of Step 2 apply
with p = 5v2n since X9 C By 5, N X C Qg 5, by the C?-closeness. For each z € ¥, and
ie{k+2,...,n+1},
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Figure 6.3: Slicing horizontally to get bounds on wug.

(i) Using (6.17) and that v;(p) has unit length, we have

vi(2)| = |vi(p)| = |vi(x) = vi(p)| 21 = C VTl .y

van)
where the (5v/2n)? factor from (6.17) was absorbed into C.

(ii) Where V is the Euclidean derivative, (6.16) gives that for any vector field X on %,

Vxvi(z) = = (vi(p), Vxn(z)) n(z) — (vi(p), n(z)) Vxn(z).
Projecting onto the tangent space of ¥ and taking norms, we get

[Vxvi(z)| = [((vi(z) = vi(p), n(x)) = (vi(z),n(2))) Az (X, -)|

< OBV VTl s, 1X| < CIVTllers, 01X,

where the first inequality uses (6.17) and the bound on [A|. Hence, [Vv;(z)| < C[|V7||c1(p

5\/%)'
(iii) By (6.18), (6.19) and the upper bound on H,
[ Az va) [+ (VA2 00)] = [HI[7a (5 00) [ + Vo)Al < ClIVTlovs, o -
Taking ¢; small depending on n and K73, Lemma 6.14 applies with ¢ = C ||V 7|| CY(By /) to give
IPollcr(syy < CIVTIcrs, o) A+ 18llcrs, o) Olors, om0
< C(HVTHCl(Bsm) + ||¢”01(B5m))'

Shrinking ¢ further, Lemma 6.13 gives that ¥, is the graph over Sf/ﬁ of a function ug with

l[uoll 2.0 < C(”V7H01(35m) + H¢H01(Bsm))' (6.21)
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Step 4: Extending graphical bounds vertically within (2,. Let w : ¥ — R be the distance to
the axis of the model cylinder Slf/@ x R"7%_ so that

. 1/2
w(zr) = (Z x?) )
j=1

and w(z) = v/2k if and only if = € S*__ x R"F. If wy is w restricted to X, then (6.21) reads

Var
v

We will extend these graphical bounds vertically by subjecting > to a family of flows. To construct
these flows, define (n — k)? functions J;; = (v;,vs), where i,¢ € {k +2,...,n + 1}. Within Q,,
we have from (6.17) that

[vi(2)| = |vi(p)| = |vi(2) = vi(p)| 2 1= CP*IVT]lcr(p,) 2 1 = Cer,

so by taking ¢; small, Lemma 6.14 gives |J;; — d;¢|] < 2Ce;. Then (Jy) is close to the identity
matrix, and has an inverse (J%) that is also close to the identity on (2, say |J¥* — ;| < C. For
each & = (42, ..., &nt1) € RPF with |¢| = 1, define a vector field X¢ on X by

n+1

X¢= > T%u.

i,0=k+2
If v is an integral curve of X¢, then for each 3 € {k+2,...,n + 1},

D a5(0) = (Vs (0), XS 0)) = (v, ) = T st = &5

Thus, flowing by X¢ changes the ‘height’ h(z) = (zg42,...,T,41) at constant rate £. If we start
the flow from ¥, (where we have h = 0), then at time ¢ we get a connected component of
¥ N {h = t&} which is a topological S* (see Figure 6.4).

Letic€ {k+2,...,n+1}andj € {1,...,k+1}. Sinceﬁxj:ij+<ﬁxj,n>nandv2szo,
it holds on 2, that

’vvivxj’ = |§U1‘(<vx]‘7n> n)| < 2|vvin| - 2|A(Uia )| < 2|HHT(UZ)’ < sz HVTHCl(Bp) , (6.23)

where the first inequality uses the Leibniz rule and Cauchy—-Schwarz, and the last inequality uses
(6.18) and |H| < /n|A| < K1+/n. Then since X¢ = J¥*¢&u;,

sup [V e Vi | < sup |70V, V| < Co* [V, (6.24)

P Qp

where the last inequality uses (6.23) and that |J*| < §;; + C < C and |&]| < 1. By (6.17), we
have that on (2,

‘Vvixj‘ < ’vvi(p)xﬂ + ’vvi(p)*vi(x)xﬂ < ‘vvi(l’)xj’ +Cp2 HVTHC’l(B,,) ’ij‘ < Cp2 HVTHC’l(Bp) )
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Flow ¥ out T ) .
by X¢ 705 =1 \‘ l,,, ?gflrlflf\svhces
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o rxmmnil
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Figure 6.4: Flowing % by X*¢ to extend the bounds on u, to bounds on u within .
Each timeslice of the flow is (part of) a level set of the ‘height’ function .

where we used that (Vz;,v;(p)) = 0 and |Vz;| < |Vz;| = 1. Reasoning as in (6.24), this gives
Supgq, |V xex;| < Cp? ||V7'H01(B,,)- Finally, combining this and (6.24) gives

Sup VxeVw?| = 2sup Vxe(2;Va;)| < Cp® V7l p,) Sup (IVaj| + [;]) < Co* V7l cagp,)
P P P

(6.25)
We now flow ¥y out by X¢ to obtain the claimed pointwise bounds for v = w — v/2k. Let ®¢(q, t)

be the flow of X¢ from ¢ € ¥ for time t. We will flow for time \/p2? — 3k and get bounds that
hold for as long as the flow remains within €2,. That is, our bounds will hold on the set

05 = {9%(q,t) €T | g € To,0 < t < /p? — 3k and ®*(q,s) € Q, forall s < t}.

Integrating (6.25) up from ¥, and using (6.22), we get

sup |[Vw?| < sup |[Vw?| + psup |V ye Vi?|
ﬂf, o Qp

< 2sup [wo| sup [Vuwo| + Cp* |V 7]| o1,
SN o

(6.26)
< C(HVT”Cl(Bsm) + H@f)Hcl(Bsm)) +Cp' IVTllers,)
<C ||¢||01(Bsm) +Cp' ||V7'||01(Bp) ‘
Integrating (6.26) up from X, and using (6.22), we get
sup |w? — 2k| < sup |wg — 2k| + psup |V yew?|
Q5 Zo 05
< (sgp o — @) (s;p o — V3R] + 2@) + psup(|X¥[|Vu?]) (6.27)

0 0

9y
<Cp H¢Hcl(35m) +Cp° IVTllers,) -

If we impose Cp H¢H01(B5m) + Cp® IVTllc1(p,) < 1 (viae1), then (6.27) yields w > 1 on 05
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Thus, for the function u = w — v/2k, (6.26) gives

Vw? 4
su{p |Vu| = sugp |Vw| = su{p 210‘ <Cp ||¢||01(Bsm) +Cp IVl g, - (6.28)

)3 0 )

Also, dividing (6.27) by w + v/2k > 1 gives the same bound for |u| over Qg. Adding this to (6.28)
gives the C'! bound for u claimed by the proposition, valid on Qf;.

Step 5: Showing the bounds hold on all B, N X. In this final step we will show that

B,nzc |J 9 (6.29)
¢eRnF [¢|=1

for all p < r, so the pointwise bounds on « from Step 4 hold on B, N ¥, giving the proposition.

Take ¢ € R"* arbitrary with |¢| = 1, and let
D ={lhl =Vp? -3k, 0<u<V3k} C B,

Since ¢; is small, (6.17) gives that (J”) is almost the identity and v; is almost equal to v;(p) on
Q,. Thus, the flow vector field X¢ = J¥*&u; ~ &v;(p) is almost constant and directed vertically,
as long as the flow remains within §2,,.

Considering the C?-closeness to a cylinder in C;, and that p € B, J/an» the path distance in X
between p and a point on Y is at most 2v/2n + 7v/2k + v2n < 10v/2n < 2p.3 If we flow % out
by X¢ for time /p? — 3k, we can tighten ¢; to ensure that as long as the flow is within §2,,,

¢ X¢ is almost constant and vertical with unit magnitude. Thus the flow lines have length at
most p, and 0 < u < v/3k everywhere on the flow lines (recalling v ~ v/2k on ).

This implies the path distance in ¥ from p to any point on a flow line is at most 2p + p = 3p, and
every flow line hits D before escaping Q%. As D C B, this shows that the connected component
of B,NX containing ¥ is contained in ( J, Qf,. But there is only one such component by hypothesis
(4) of the proposition, so (6.29) follows and the proof is complete. O

Remark 6.16. In the original proof, Step 4 defines a single radial vector field instead of the X*¢
we used, but to our understanding this is ill-defined at ¥;. We would need to extend the vector
field to ¥ using bump functions and make sure the flow is well-defined starting from ;. Our
solution circumvents these difficulties. Our vector fields X¢ are similar to those of [CM19b], but
not exactly the same; ours are constructed so that we could still use some of the computations
in the original Step 4 (with some adjustments).

6.3 The first Lojasiewicz inequality for cylinder-like hypersurfaces

In this section, we will combine the graphical proposition from the preceding section with
Proposition 6.17 below to prove the first Lojasiewicz inequality, Theorem 6.7.

*2/2n is from p € B, s5,; mV/2k is from the waist circumference of a cylinder in Cx; v/2n is the tolerance.
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6.3.1 Bounding V7 beneath the cylindrical scale

The final ingredient we need is the next proposition, which bounds ||V7||: in terms of ||¢| .
within a suitably chosen cylindrical scale. This is much needed because Vr features in the graph-
ical proposition but not in the Lojasiewicz inequality. Our statement uses stronger assumptions
than the one in the paper; this is because the proof needs an |V*¢| bound from Lemma 6.6, but
the original hypotheses do not seem to enable this.

Proposition 6.17 (1.28). Given n, \, ¢ and K, there exists £y = £¢(n) so that the following holds.
Ife <egpand ¥ C R is a hypersurface with \(X) < Ao, then for all R < r. 4 x(X) and r such
that r + 1= < R — 1, we have

2

den r
10l b
where C = C(n, X\, ¢,¢,K), and d¢,, € (0,1) /1 as { — oc.

(R—1)2
HVTHCQ(BT) S CR2n {e—dz,n 8

The proof of this uses two lemmas: a Gaussian L? bound on 7, and an interpolation inequality.
We state these but exclude their proofs; the L? bound uses computations similar to §4.2 anyway;,
and the interpolation inequality would be too much of a digression for our liking.

Lemma 6.18 (1.25). Let ¥ C R™"! be a hypersurface. If Br N Y is smooth with H > % and
|A| < K, then there exists C = C(n, K) so that for s € (0, R) we have

1 P
/ V7|2 <C{2’H”(BRHZ)6_( +/ (1] + [V2]) e }
Br_s S BrNY

Lemma 6.19 (B.1). Let ¥ C R"*! be a hypersurface with |A| + |V*A| < K on By, N X. For
each j < ¢, there exists C' = C(n, ¢, 7, K) so that if T is a smooth tensor on By, NY, then setting
we have for the unweighted L' norms

,5)2

L—
a/éznvj E—‘,—TL’

—n—1 n, 1 n,
VT e,y < € {7 WT oy + ITI G, IVTI G -
Proof of Proposition 6.17. By Lemma 6.6, for j < ¢ we have |V/A|,|Vi7r| < C(e,j, K) within
BrN 3. Lety € ¥ have |y| =r, so that |y| + ﬁ < R — 1. Define the ball BY and the constant
oy by

BY =B . (), @—/ v,
BYNXY

1+[y

so that BY C Bg_1. Applying Lemma 6.19 to V7 ontheball 1BY = B (y), we get

2(1+]yl)
V7|(y) < C {Rné + 5”"\\V€TH2£{,§; } < C{R"6, +8,""} < CR"3,"",  (6.30)
IV27|(y) < C {R"“é + 8y VOt } <C {R"+15y + 53’77”} < CR™1s0 (6.31)

where ay,, = m, bey = £+;n and C = C(n,¢,¢, K). The first inequality in each line comes from
2(1 + |y|) < 2R, while the second and third inequalities use the bounds on |V‘7|, |V7|.

We will bound d,"" and 62’5’" on the right of (6.30) and (6.31). For all 2 € BY, we have |z|? <
(lyl + 1+|y|) < |y|? + 4, where the second inequality is algebraic. Thus
L= |2 \yF

inf e~ > e -1
reBY



64 Chapter 6. Uniqueness of Cylindrical Tangent Flows

By Cauchy-Schwarz, the above inequality, polynomial volume growth,* and Lemma 6.18, we get

(L4 e 182 < (11 e 1 (BY N ) / VP
BYyNY

1 n Bk

01+y”-(>/ Vrlfe
W\ 1y)) fy eV (6.32)
n _— )2 2 —ﬂ
<cofmre T 4 (1] + [92)e 5},
BRi%IﬁIE

where C' = C(n, Ao, €). To bound |V?¢| on the right, choose balls B° = B_ 1 (z;) such that

1+]z;]

* The half-balls B’ = B - (z;) collectively cover B r-10 PIN

1+]z;

e Eachz € BRJ N Y is in at most ¢ = ¢(n) < oo of the ;Bs.

Set r; = to simplify notation. Applying Lemma 6.19 on B’ and using Lemma 6.6 to bound

1+\ il
HV%HLOO Bi), We get

sup|v2¢r<c{“ A |¢r+</ | r¢|) } 6.33)
7Bl BNy B:NY

1
where C' = C(n,¢,¢,K) and ¢;,, = . Because ;e O <e 71T < 9¢1(2 i)’ for

€+
s |z

i ‘Zi|2 .
all z > 0, we have for each x € B? that %e*T < e 1 < 2 4 . Together with (6.33),
polynomial volume growth and Hoélder’s inequality for sums, this gives

/| e V2l < > / S
< CZH”( BWWE) [ —n— 2/Bimzy<p| + (/Bm|¢>|>cl’”} o~
o[t [ oo (fel) e 630
< C{R2c/anz¢| Z </ Ble —'”4'2> Z’"}

< C B 16l () + ||¢||%”BR ],

where C = C(n, Mo, ¢, ¢, K). This dependence remains for the rest of the proof. By Lemma 6.6,

|| =2 2 n
ol < [ s ol + [ 5 <max {1, sup ol}amir=C. ©35)
E\BR BrN%:

BrNY BrNT

s0 [l 1 (g, < C HngC’ ¥ Combining this with (6.32) and (6.34), it follows that

|y

R < (1 e 2 <

S CR? [

“*Polynomial volume growth on ¥ comes from C** closeness to a cylinder, the relative volume element formula
from Lemma B.1, and polynomial volume growth on cylinders in Cy.
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Rearranging for §, then using that (a + b)? < 2P(]al? + |b|P) for all p > 0, we have

1
2 b n 12 ln 2
5, < {CR” < ~LEE 16055, ) ﬂ} < CR% (e_(Rsl) + ||¢||L§(BR)> ¢ .(6.36)
Substituting this into (6.30) and using (a + b)P < 2P(|a|P + |b|P) again gives

(
3n ag.m | ‘2
Vrl(y) < ORY ( et \|¢||L1 ) eoen'

wemes ) (6.37)
—” —ap nC (R e lyl1Z
S 2 <€ £,nCln +H¢HL1 BR > 8
since ayn,, ¢¢, < 1. Likewise, using (6.36) in (6.31) yields
b c
n (Rfl) ,ncln | 2
V27|(y) < CR™ <b R 1) e ) et (6.38)
Adding (6.37) and (6.38) gives the result with d;,, = min{a¢ ncrn, bencon}- O

6.3.2 Proof of Theorem 6.7

We are ready to prove the first Lojasiewicz inequality for cylinder-like hypersurfaces.

Proof of Theorem 6.7. Let r € (5v/2n, R). We first estimate the central quantity of Proposition
6.10, which is

T |’¢H01(B5m) + 7'5 HVTHC’I(BT) . (639)
Let ar,, = Hin, and take ¢y large so that a,, > %. By Lemma 6.19 and Lemma 6.6, we bound
1—a
e <C / ol) + / ¢ Vol oo
6025, ) < €4 ( A )+ ( - ) Il a0

< C {6018, o + 1917505, )} < ClIoITA 0 -
where C' = C(n,¢,¢, K) and we assumed Ry > 10+v/2n in the last inequality. Similarly,
IV6llee (5, < ClNTN 5, - (6.41)
Adding (6.40) and (6.41) gives
4
léllc (s, oy < C I 5, (6.42)

Proposition 6.17 gives that if ¢ is small enough (depending on n) and » < R — 2, then

r2

HV7—H01(BT) < CRQn{ —dg £ S _|_ ”(ZSH BR)} es, (6.43)

where C' = C(n, Ao, ¢, 4, K) and limy_,, d¢ , = 1. Using (6.42) and (6.43), we can bound (6.39):

dﬁn 2

4 n
18lorsp o + 1 19Ty < ORI gy + OB {et0n 1ol i, b e
(6.44)

2

. _g, R2 2
<CR R2n+5 {||‘75”L1(BR +e dyn =g }e 5,
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where C' = C(n, \,¢,4, K), and the second inequality uses (6.35) to bound ||<;S||3/4 by

Br)
||gb||i"1*(’l/32 To compactify notation, define (g ¢, ) and C = C(n, Ao, ,4, K) by

2

r ~ 3
(*R,r,f,n) R2n+5 {H¢HL B )+e den B }6 8 and C = 617

where £; = €1(n) is given by Proposition 6.10. We may suppose ¢ is less than that of Proposition
6.10, and tight enough to guarantee H > % on Br N X by Lemma 6.6. Thus, if r is such that
(*rrem) < C, then by (6.44),

rldllers, o+ 77 IVTllers,) < CC < e (6.45)

Hence, by Proposition 6.10, B, N X is the graph of u over a cylinder I" € C;, with

u(@)| +|Vu(@)| < O {r6llors, )+ 19701, }
2 (6.46)
SCR2n+5{”¢‘L1 +e deng }68,

where C' = C(n, Ao, ¢, ¢, K) and we used (6.44). Note that (6.45) and (6.46) still hold for any
smaller C as long as (xg¢,,) < C. This is important as we will shrink C' in the next theorem.

Let 7, = sup{r < R — 2| (xr.n) < C}. By (6.46), the fact that u = wr — v/2k, and r, < R and
polynomial volume growth, we get

|2 2
[ o) - vaRpe < crm ol + et e 5.0
-

2 (6.47)
n dyn, i
< C R +10 {HQZ)HL[l ) dz,n i }
Since R > Ry, we can demand that Ry is large enough so that
— 2 ~
R2n+5 —dén%e<R 82> > C, (6.48)

which in turn implies (g r-2/¢n) > C. This makes Ry have the dependencies stated in the
theorem. By the definition of 7, and the fact that (xg, ) is increasing in the r slot, we must
have (g, ¢n) = C. Using this and the geometric inequality |wr(z) — v2k| < |z|, we can bound

xT 2 7'3
/ (wr(z) — VIR < 1" (Br %) B2~ % < CRM2-%
(BR\B’I‘*) = C , (649)

5n+12 don il

< ER - {HWLZl(B )y Te dene }

But C/ C? is just another C, so adding (6.47) and (6.49) completes the proof of Theorem 6.7. [J

Remark 6.20. Had we not imposed the R > R lower bound via (6.48), then we cannot say that
(*r,r....n) = C, and the last inequality in (6.49) fails. This is not addressed in the original paper.

Branching off the above proof yields a similar theorem which later supplies the improvement
step (Theorem 6.27). Unlike the above proof where only the C° bound of Proposition 6.10 was
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used (in (6.47)), the proof below truly needs the C'! bound for interpolation. In the theorem we
will reuse the quantity (g, ) from above, defined by

2

<*Rm@n>=aR%”5{u¢nL e }e%. (6.50)

Theorem 6.21. Let n be given, and let Theorem 6.7 provide ey = €o(n) and ¢y = {y(n). Suppose
X >0,e<eq >0y, K>0,and ¥ C R*"" is a hypersurface with /\( ) < Xo. Then there exists
Ry so that whenever R € [Ry,r. ¢ k(X)) and € > 0, we can find C = C(n, Mo, &,, K, E) such that
B,, N X is graphical over a cylinder I' € Cj, with ||ul|,1 < &, where

re =sup{r <R —2| (xgr, en) < 5}

Moreover; it holds that (xgr, ¢n) = C and

e - 5

L2(BpNS

2
o = O {161, + e ],
where C' = C(n, Ao, &,4, K), p=p(n) and d;, € (0,1) /1 as{ — oc.

Proof. Follow the proof of Theorem 6.7 up to and including (6.46). By then, we established that
ifr <R-2and (xp,¢n) < C, then B, N X is the graph of u over a cylinder I" € C;, with

u(@)] + [Vu(z)| < C(xp [aen);
where C, C both depend on n, \g, ¢, ¢, K. Use this with r = r,, so that on B,, N ¥ we have
u(@)| + |Vu(z)| < C(xpyr,en) < CC,
As stated after (6.46), this also holds if we shrink C. Thus we assume C < % so the above reads
lulln < CC <.

Shrinking C this way introduces an € dependence, which agrees with the theorem statement. To
get the lower bound Ry, the equality (xg, r,) = C, and the claimed L? estimate for wr — v/2k,
continue as in the proof of Theorem 6.7, starting from (6.47). O

6.4 The gradient Lojasiewicz inequality for cylinder-like hypersur-
faces

In §5, the Lojasiewicz—Simon gradient inequality was established by Lyapunov-Schmidt reduc-
tion. This involved functional analysis over a compact manifold M, where M was eventually
taken as the compact tangent flow in question. This made sense, since the timeslices of the RMCF
were normal graphs of functions over M (at least for some times). However, when the tangent
flow is cylindrical, the compact moving hypersurfaces are never graphs over the whole cylinder.
We need new methods to obtain a gradient inequality suited to our purposes.

LetI' € C;. We will use the Fp-functional, its Euler-Lagrange functional M. and the linearisation
L at zero. These were defined in (4.2), (4.7) and (4.8) respectively (replace ¥ with I"). Then L
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is elliptic with finite-dimensional kernel K. We let IT and (-)* denote orthogonal projection to K
using the Gaussian L? inner product (4.4).

Let ¥ C R"*! be a hypersurface. In this section, we will prove Theorem 6.8 as follows.

(1) In a region Br N X where ¥ is the graph of u over a cylinder, we will estimate |F(Br N
¥) — F(Cx)| when u is close to IC, and when w is far from K.

(2) Outside Bg, we will use a cutoff which generates error terms. Together with the last step,
this gives a preliminary estimate for | F(X) — F(Cx)|, which is Theorem 6.22.

(3) We will use the first Lojasiewicz inequality to shape this estimate into the required form.

Step (1) is reminiscent of the proof of Theorem 5.3: there we divided the proof into estimating
the difference in the energy functional £ in a direction almost along K, and the difference in
a direction almost orthogonal to K. Step (2) is new here, as ¥ is not a global graph over the
cylinder. Step (3) is also new, but not unexpected as Lojasiewicz originally used (5.1) to prove
(5.2); we bypassed this earlier by taking (5.2) as given.

6.4.1 A preliminary gradient estimate
In this subsection, we prove a preliminary estimate for |F(X) — F(C)| which reads:

Theorem 6.22 (4.1). Given n and Ao, there exists € = £(n) so that if ¥ C R"*! is a hypersurface
with A\(X) < X, and X is (g, R, C?)-close to a ¢ylinder T’ € C, with graph function 1, then for any
B e[0,1)

4p sy _@ERE-D? P
F (%) = F(C)l < C {19l 35 sy + (1 + R )e o Al s ) ¢

where C = C(n, \o), p = p(n).

To prove this, we need estimates that lead to a bound for |F(Bj N %) — F(Cy)| in the two cases
for u indicated in Step (1) above. This proceeds similarly to Lemma 5.4, but is more involved
as one now has to deal with noncompactness of the cylinder. We will skip this rather tedious
process, seeing as the original paper already covers it in detail and we found no issues with the
presentation. The next two lemmas summarise the results of this analysis. Here we use a new
quantity |[|-||, for functions on a cylinder I' € Cy,, defined by

lully = [[u2 + 19l + [92u(, R )2 + (1 + |al) 792

2’

where R~ refers to the flat directions of I'.> We abbreviate MY, to M for the rest of this section.

Lemma 6.23 (3.11, 3.23). Let I € Ci. There exists Cy and p > 0 depending on n so that for all
u € W22(I),

[ Lul| 2 < Co llully2.2 , (6.51)
pllut w2z < || Lull 2, (6.52)
lully < Co [|TTulf72, (6.53)
[utll2 < Co llullea [lu [z (6.54)

>This is not a norm, since ||au||, = a* ||u|, for a € R.
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Lemma 6.24 (4.3). Let I' € Cy. There exist C; and ¢ depending on n so that if u € C%(T) has
|lul|c2 < e, then

[Mu = Lul[ 2 < Cy [Jully,

1
Fo(u) = F(C) = 5 ('t L),

: < C1 lullz ull, -

Proof of Theorem 6.22. We first extend u to an entire graph over I' so that Lemmas 6.23 and 6.24
can be used. Thus we fix a cutoff function v with 0 < ¢ < 1 which is one on Bj_, and zero
outside Bz. Define u = ¢u on By, and u = 0 otherwise. Then

[ullgz < C a2 < Cre, (6.55)

where C,, depends only on the C? norm of 1, hence only on n. Since ¥ and graphp(u) coincide
in B;_, and 0 <% < 1, Lemma 6.2 gives C' = C(n, \g) and p = p(n) so that

z|2 ~ E—1)2
IF(S) — Fr(u)| < (4m)"% / e < ORre YT (6.56)

S\Bg_,

Since Mu ~ ¢ on By _, (Proposition B.2, where ¢ is the ¢ of ), and Mu = 0 outside By,

(R-1)2

[Mullpe <CNPlr2s,  as) + IMUllzonisas, ) < Clol@mas) + Cuge” 5 (6.57)

Here we used (6.55) to control |[Mu| by a constant depending on n and £ since Mwu depends
on up to second derivatives of v (by Lemma B.1 and Proposition B.2), and that the volume of
['N(Bg \ Bi_,) depends only on n. Now let

fo(u) = fr(u) — .F(Ck>

If £ is small depending on n, then (6.55) bounds ||u|.. tightly enough so that Lemma 6.24 gives
C1 = C1(n) such that

[IMullpe = [[Lull 2 | < Cuflully, (6.58)

Folu) — 5 {u", LuL>L2‘ < Cy Jull lluly (6.59)
Let 8 € [0,1). We will bound |Fy(u)| in two cases depending on how close u is to the kernel of L.
We will then combine this with (6.56) to bound |F(X) — F(Cx)| as required.
Case 1: Suppose that u is almost normal to the kernel in the sense that
Ml < eflu i, (6.60)
where ¢ > 0 is chosen below. Note that by (6.54), (6.60) and (6.55),
lully < 21| Tully + 2llu™|l2 < 2(Cae + CoCr?) [l (6.61)

where Cy and C,, depend on n, and [lu'|};/}, < Ca(n, Ao, &)[lu'[ly22. Now by (6.58), (6.52)
and (6.61), there exists u = p(n) so that

|Mull 2 > |[Lull g2 = Ch [|ully > pllutlwee = C1 |lull,
> (,u — 201(028 + C()Ong))HULHWz,Q.
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Shrink £ depending on n so that CyC1Cy,E < §. Also choose € > 0 depending on n, Ao, € so that
C1Cee < % Then

| Mull 2 > Sllut e (6.62)

We have tightened & twice so far, both times depending on n. From now on, £ = £(n) will be
fixed. All constants C in the rest of the proof depend on (at most) n and Ag. By (6.59), (6.51),
(6.61) and the triangle inequality ||u|| ;2 < |Jut||z2 + ||TTul| 2, we have

[Fo(w)] < Cllut || pellu™llwez + C1 [lull 2 [Jull, (6.63)
< Cllut |2 llut lwez + C 1Ml g2 flu™ w22

Since ||Tul|7, < C | (TTw)?|| 12 < C'|Iul|, by Holder’s inequality and the entropy bound, we can

bound the second term above:

1/2
C M| 2 [fut 22 < C || Tully/

3+8
HULHVVZv2 < CHUJ_HW22,27

where the last inequality is (6.60). Using this with ||u"| ;2 < ||[u|/jy 22, (6.63) becomes

3+8 348
[Fo(u)| < Cllutf22 + Cllutllyze < Cllut| 2. (6.64)

But now (6.62), (6.57) and Peter-Paul allow us to further estimate

B3+8)(R-1)?

Fow)] < O | Mull T < Cloll iy, + Ce K
Case 2: Suppose that u is close to the kernel in that
Ty > el|ut (|}, (6.65)
where ¢ was chosen in Case 1. We also get a similar inequality for ||u"|, using (6.54):

lutll2 < Co llull e lulw=2 < C HHUHHB :

where we have used ||u|| . <& =&(n) and (6.65) (recall that ¢ depends on n, \¢). This yields

[ully < 2|Tully + 2[jut |2 < C|[Tull, . (6.66)
We use (6.65) and (6.66) to continue off the first line of (6.63) (which does not depend on the
Case 1 assumption), giving
| Fo(u)] <2C ||ul[ 12 HHUHHB-
But (6.53) gives ||TTul|, < Co ||TTul|32 < Co ||ul|32, where Cy = Co(n). Hence

?JrB ?Jrﬁ
Fo(w)] <2CJull 2" < Cllall g » (6.67)

the last inequality due to the fact that u vanishes outside Bz and u < .

Adding (6.64) and (6.67) to account for both cases at once, we get

(3+8)(R—1)2 348

3+8
Fo()] < Clléll Zp my + Ce™ 50 + ClIE, -
Finally, we use the cutoff bound (6.56) to get
|F(2) = F(Cr)| < [F(E) = Fr(uw)| + |Fo(u)]
348 ~ 3+8)(R—1)2 3+8

_ BB (R=1)7
< ClllE s + O+ R + i,

which is the claimed estimate. O
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6.4.2 Proof of Theorem 6.8

The preliminary estimate of Theorem 6.22 has an unwanted |[ul| 2 B term. We will use the first
Lojasiewicz to swallow this into the other terms, giving us the gradient Lojasiewicz inequality of
Theorem 6.8. As we will be writing ¥ as a graph over two possibly different cylinders, we need a
way to make their graphical bounds compatible. The next lemma takes care of this.

Lemma 6.25 (4.50). There exists eg = €o(n) so that if T' € Cy, 5v/2n < Ry < Ry and
* Bpg, NX is graphical over I" with the graph function u satisfying ||u||-: < €o;
e Y is (g9, Ra, C%%)-close to a cylinder in Cy,
then for R = min{2R;, Ry}, we have that By N ¥ is graphical over T' for an extension i of u

satisfying ||@|| o2 < & where € = (n) is given by Theorem 6.22.

Proof of Theorem 6.8. Let ¢y be the lesser of Theorem 6.7 and Lemma 6.25. Let £ = &(n) be
given by Theorem 6.22. By Theorem 6.21, there exists C' = C'(n, A, €, ¢, K) such that B,, N X is
graphical over some I' € C;, with |lu[/,1 < €9, where

re <R — 27 (*R,r*,f,n) =C.

By Lemma 6.25, for R = min{2r,, R} we can write Bz N ¥ as a graph of @ over I' such that
||t]|o2 < €. Moreover, Theorem 6.21 gives

_ _ don Rr2
103y < [0 < OR? {1057, + 0 ). (6.68)

where C' = C(n, Ao, ¢, 4, K) and p = p(n). Now Theorem 6.22 gives that for all g € [0, 1),

5 R’y — GTAER-L? e
7(9) - F(E0| < € {10l iy + (14 e il b 669

where C' = C’(n, \g) and p' = p'(n). We aim to express everything in terms of a power of R
times |[¢|;2(p,,), allowing for exponentially decaying terms in R. If R = R, the first two terms
are sorted, while the last term satisfies (by (6.68))

2
it

R dy p (3+6) R
< CREF gl ini oy | (6.70)

which is of the desired form. If R # R, the second term of (6.69) also needs to be managed. In
this case R = 2r,, so we use (xg, ¢n) = C to estimate

p2 2\ 4 dl n 4
B il I ~—4 p8n+20 ) _—d
e 8 — <€ 8> :C R { ln~"g 8 +H¢HL1 BR)}

, (6.71)
n _ R” 2dy
S CRS +20 {e d&n 2 + H(ML?Z(’BR)} )

where C' = C(n, Ao, ¢, 4, K), and the inequality uses |[¢[|;1(5,) < C(n, o) (9] 12(5,)- We can
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_ _\2 N
assume R > 4 so that (%) > 1. Raising (6.71) to the £~ (%) > 248 power, we get

| /\

2
- GO (R-1) ( > N < CR(2n+5)(3+B){ e (3+2)R ”¢Hdi T

L2(Br)
[nt20 (3+ﬁ)(R 1?2 don 2E2
< CR™ { ol

where the last inequality assumes ¢ is large so that dg,, > % Putting (6.70) and (6.72) back into
(6.69), | F(X) — F(Cy)| is bounded above by C(n, Ao, e, ¢, K)R" times

30 MELEI e N P L
ol 35,y + (e 5 ||¢||L‘2(B; ) (Héf’\p 2925 | " srm |

Finally, arguing as in (6.35), we can bound ||¢| L2(BR) independently of R. This allows to absorb
the first and third terms into the fourth at the cost of another factor of C' = C'(n, \,¢,¢, K). O

} (6.72)

6.5 A scale comparison theorem

We now lay the groundwork for turning the gradient inequality, Theorem 6.8, into the discrete
differential inequality (6.2) for an RMCF ;. As explained in the synopsis, this is done by choosing
B, £ and K large in Theorem 6.8. On the other hand, ¢ will not need to be tightened further.
Hence, for the rest of this chapter, we reserve ¢, to mean the ¢¢(n) of Theorem 6.8, and we will
use € = gq in our cylindrical scales.

In this section, we will show how K should be chosen depending on 3 and ¢ (in fact just ¢). We
will choose K to bound both error terms in the gradient inequality by a power greater than one
of F(X7_1) — F(X741). By the synopsis, this is a matter of choosing K large (given /) so that

reo0k (37) = (14 p)R(E7) (6.73)
for some i > 0. Recall that R(X7) is the shrinker scale of the RMCF at time 7, defined by
R(21)?

T+1 9
S R () - F(Sp) = /T - 19las,-

The main theorem of this section says that if the RMCF is almost cylindrical for all times close to
T, then to each ¢ there exists a K (here called Cy) making (6.73) true.

Theorem 6.26 (Scale comparison, 5.3). Given n and Ao, there exist eg, R1, {Cy}ien, and p >0
such that the following holds. If ¥4 is an RMCF with A\(Xs) < Ao, and there exists R € [R1, R(X7)]
such that for all s € [T — 3, T + 1], 5, is (g, R, C**)-close to a cylinder (depending on s), then

D (1+ p)R(Er) <reyec,(X7) for each £ € Ny, and
@) 16125, wio o5y < CFSr1) = F(Sr40)).

It is crucial that  is independent of ¢, because in the next section we will use this x to select 5
and / large. Once / is chosen, this theorem automatically comes back to select K = C} to bound
the error terms as mentioned above.
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Theorem 6.26 is proved by an extension-improvement iteration scheme. The extension step
turns (eg, R, C%%)-closeness into (g, (1 + p)R, C%%)-closeness as long as R < R(X7). The
improvement step will turn this into (e, (1 —0)(1+ u) R, C**)-closeness, the point being that we
are able to choose § < y so that the C% cp-closeness extends to a larger scale. Provided we are
beneath the shrinker scale, the two steps can be iterated which eventually yields the theorem.

This section corresponds to Section 5 of the original paper [CM15]. However, the original version
of Theorem 6.26 does not seem accurate to us, and some of the lemmas there are not used in the
way that they are stated. While attempting to understand that part of the paper, we drew from
Mantoulidis’ notes [Man14] and Zhu’s paper [Zhu20]. This section synthesises the statements
and proofs from these sources, as well as our own arguments, into a careful proof of Theorem
6.26. Whilst our treatment is quite technical, we believe it is accurate.®

6.5.1 Improvement step
The improvement step will come from combining Theorem 6.21 with additional interpolation.

Theorem 6.27 (Improvement step). Given 6 € (0, 1), there exists £y = {o(n, 0) so thatifeg, Mo, K, C
are positive and ¢ > {, there exists Ry such that the following holds. If 3 is a hypersurface with
AX) < Ao, R« > Ry, and R € [Ra, R,] is such that

__ R?
o R <10 (D) and 6] 2, < O 5,

then Y is (ep, (1 — O) R, C**)-close to a cylinder in Cy.
Proof. Let € > 0, to be chosen shortly. We may take R to be greater than the Ry = Ry(n, Ao, ¢, K)

of Theorem 6.21 (where we used e = £¢(n)). By Theorem 6.21, there exists C = C(n, Ao, {, K, )
such that B,, NX is graphical over a cylinder in C;, with |Ju| -1 <&, where

re =sup{r < R —2| (*grun) < C},

and (xgrr,) is given by (6.50). We will select  to get eg-tight C*>* bounds by interpolation.
Namely, for every n > 0 there exists C,, , such that

H’LLHCQ,a <n HUHCU—Q + Cmg HuHC1 <n HUHC“'Q + Cm[g. (6.74)

Since 7, < R < 10 k(X), we can control |[u| -2 by C(n,¢, K). Thus, n can be selected
depending on n, ¢, K and eg so that n||ul|> < %. Then choose g small so that C) & < £.
Substituting back into (6.74) gives

[ullgea < k. (6.75)

Choosing ¢ this way means € depends on n, K, e, {. Then C = CN'(n,)\O,E, K,g) = é(n, 2o, U, K, eg).

The bound (6.75) is on B,, N Y, but the theorem asserts that it holds on B(;_g)r N %. It therefore
remains to show r, > (1 — ) R. By the definition of r,, this is equivalent to showing

(1 — Q)R < R—-2 and (*R,(I—G)R,Z,n) < 6 (676)

®It would be too pedantic to list all of our contributions, as these mostly have to do with how we drew from these
sources to reconcile the minute details in the proof of Theorem 6.26. As for our ‘original’ mathematical arguments,
these are the proofs of Theorem 6.28 and Lemma 6.34 (though the results are by no means novel).
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To get the inequality on the right, Holder’s inequality gives C' = C(\g, C') such that

dn dn d R2
1603 < C N0l g,y < Cons,

where dy ,, is in the definition of (xp,¢,) and has limy_,., d¢,, = 1. The second inequality is
from the hypotheses. Choosing ¢, large so that d;,, > 1 — g, and keeping in mind R < R, and
(1-6)2<1-0,we get

(1-0)2R2
8

dei R2
(*R,(l—e)&g,n) = R2n+5 {Hd)”le(BR) + e—dgyns} e

(1—-0)R?

RZ R?
S CR2n+5 e_df,nT + e_df,n? e ]

R2 (1-6)R?
< CR2n+5€7dZ’nT(378

Choose R; large to further bound this by C, so the second inequality of (6.76) holds. In doing

this, Ry inherits the dependencies of C' and C, and also depends on 6. This is consistent with the
theorem statement. Finally, increase Ry depending on 6 to get the first inequality in (6.76). [

6.5.2 Extension step
We turn to the extension step for this subsection.

Theorem 6.28 (Extension step). Given n and ), there exist eg, R1,C,{Cy¢}sen, and p > 0 such
that the following holds. If s flows by RMCF and \(3;) < Ao, and there exists R € [R1, R(X7)]
such that for all s € [T — %, T +1], X4 is (e, R,C*%)-close to a cylinder T'y € Cy, (depending on s),
then forall s € [T — 1, T + 1]:

D (1+p)R <ree0,(Es) for each £ € Ny, and
@) [|8]72

To prove this, we will:

) < C(F(3r-1) = F(S141)).

ByrN%s

* Use standard technical results for (R)MCF to uniformly bound all covariant derivatives of
A in a multiplicatively larger ball B, ,)r, giving the constants C,. This is Proposition 6.32.

e Turn these curvature bounds into graphical bounds over a cylinder in the time interval
[T — %, T + 1] using a uniform stability lemma for RMCF (Lemma 6.34). This together with
the previous step yields conclusion (i) of the theorem.

* Obtain the ||¢||7. bound of (ii) using a mean value inequality (Lemma 6.35).

We begin by stating three regularity results needed for Proposition 6.32. The first two are stan-
dard results due to White [WhiO5] and Ecker—Huisken [EH91] respectively. Our statements are
Theorem 5.6 and Proposition 3.22 in [Eck04] respectively.”

’The statements there are for MCF, but are rescaled to RMCF X, by writing M; = /—t%, where t = —e®°~* and
M, is the MCF with M_; = X,,.
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Lemma 6.29 (Brakke-White regularity theorem). Given n and )\, there exist ¢ and Cy such that
if ¥ is an RMCF in R*T! with A\(X,) < Ao, and for some 7 € (0,1) and ¢ € R"*! we have

n |lz—=q|?
(4777-)2/ e~ i <l+e,
b

S0
then for all s € [so —log (1 — 2T), so — log(1 — 7)) we have
Co

sup AP <
-

ZsﬂBﬁ <e%<5*50)x0>
2

Lemma 6.30 (Ecker-Huisken estimates). Suppose X, is an RMCF in R"*! on a time interval
(s0 —log(1 — 7+ p?), s0 —log(1 — 7)), and there exists Cy such that for all s in this interval, we have

Co

sup A* <
p?

2sNB, <e%(s_50)xo)
Then for any § € (0,1) and ¢ € N, it holds for all s € (so — log(1 — 7 + 6%p?), so — log(1 — 7)) that

Cy

0 412
sup IVEAR < — L
PEICEY

%sNBg, (e% (S_So)xo)
where Cg = Cg(n,f, 9, C())
The third regularity lemma bounds the change in the F,, - functional on the RMCF over time.

Lemma 6.31 (5.15). Given ¢ > 0, 7 € (0,1), n and Ao, there exists Ry = Ro(e,7,n,\9) and
o = a(n,a, )\0) > 2 so that l:fESﬂOWS b_)/ RMCE, )\(25) <Xy, R € [R(), R(ET)], 1o € Br_, and

n

r—x 2
(4mr)" 2 / o~ <1+ 5 (6.77)
Y7141

then for all sy € [T — 1,T + 1] we have

n |z—ag|?
(47T7')_2/ e” A <l+e
b

50
Proof By Lemma 6.2, there exists o = o(n, €, \g) such that for all y € R"*! and all s,

n

o2
(47r7)_2/ e_‘ = < = (6.78)
£0\By 7 (y) 4

Equation (5.21) in [CM15] reads®

T+1
|lz—=g|? _la—z? \2
BrnXs, BR+2mET+1 BR+zﬂEs
|zo| T+1 2
+(E-1(R+2) |z —aq
+ {1+ = [gle T
Bry2N¥s

8We skip the derivation which is a rudimentary computation using Lemma 5.10 and equation (5.20) in [CM15].

(6.79)
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Since xg € Br—, C Bgr—2 and 7 € (0, 1), we have

1+

ol L (L —1)(R+2

o+ (- DR+ )§1+R+2+R+2_R+2§R+2.
2 2T 2T 2 T

Therefore, (6.79) becomes

T+1
lz—=q|? _ == aco|2
/ 6_ v S /
BrN¥s, BR+2ﬁET+1 BR+2025
R+2 T+l le—aql2
‘¢|e 4T .
BR+QOES

Using A\(X5) < Ao and the Cauchy-Schwarz inequality, we can bound the third term:

T+1 . Io|2 T+1 g T+1 g 1/2
fos Jos, / J (0
BR+QQES BR+2mES BR+2FTES
T+1
(4mT) 22)\0 / / >
< BR+2st

(R+2)2 T+1
<e (477) 22X </T X ”¢|i2(25)>

(R+2)2 R(ET)2

=e s (477) 22,

(6.80)

1/2

(6.81)

where the last equality is the definition of R(X7). For the second term in (6.80), we have

T+1 2 T+1 2 2
(R+2) 9 (R+2)2 _ R(Zp)
/ / T / [llz2s,) =€ 7 7. (6.82)
BR+QOZ T-1

Putting (6.81) and (6.82) back into (6.80), we compute

|z —wq|? lz—ag|? lz—aq|?
e~ I = e~ I+ e ar
p) BrNZs, Yso\Br

S0

lo—zq 2 (R+2)2  R(3p)?
< e 4 e 4 T 2
Bry2NE141

R+2 (r+2? REp)? |z —=q|?
+ il S Il \/(47r7')22)\0—|—/ e ar
T

ESO\BG\/;(IO)
2 RED? R+ 2 (rR+2)? R(Ep)? n
(471'7') (1+ +4) (Rtf - 2T + i e REQ) - 4T (4,7'('7')52A07
T

where the first inequality uses that zy € Br_, and so B, ﬁ(xo) C Bpg, and the last inequality is
(6.78) and (6.77). Since R(X7) > R > Ry, we can select R large so that the two terms on the
right sum to less than (477)% . This choice of Ry depends on ¢,7,n and )¢ as claimed. Then

_\95*I0|2 n 3e n
e < (dnr)z (14— 1 + (477)2
%

S0

= (4n7)2e.

> M

Multiplying both sides by (477)~ 2 gives the result. O
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Using the previous three lemmas, we will now assemble our first building block in the proof of
the extension step.

Proposition 6.32 (5.6). Given n and )\, there exists c > 2 and 6 > 0 such that the following
holds. Given T € (0, 1), there exists Ry = Ry(n, \o, 7) so that if ¥, flows by the RMCF, \(X5) < A,
R e [R0> R(ZT)]: o € BR*O’ and

1)
Sup |A‘2 S )
Er41nB, ~(2o) T

then for each ¢ € Ny, there is a constant Cy = Cy(n, ¢) such that the curvature bound

Cy

412
sup [VEA Sﬁ

T ()

holds forall s € [T — 1 —1log(1 —7),T + 1 — log(1 — 7)].

Proof. Let Lemma 6.29 provide ¢ = ¢(n, \g), and let Lemma 6.31 provide Ry = Ry(g,n, Ao, 7) =
Ro(n, N, 7) and o = o(n,&, \g) = o(n, Ag). Select § = §(e) = §(n, \g) such that
2 o . . _n _lz—wg[? €
sup |A]* < — implies (477)" 2 e 4 <14 -. (6.83)
B, 7(@0)NEr41 T 2

PO

This is possible since small curvature near z( implies almost-flatness, making the integral on the
right almost one. The left-hand side of (6.83) is satisfied by the hypotheses, so the right-hand
side holds; now Lemma 6.31 gives that if sg € [T'— 1,7 + 1], then

_n _ |z —wq|2
(4mT)™ 2 e 1 <l+4e
by

S0

By Lemma 6.29, it holds for each s € [sg —log (1 — 27) , 59 — log(1 — 7)] that
Co

T

ap AP <
2NB 7 (6%(3—50)1,0)
2

where Cy = Cy(n, Ag). Using this bound, we may now apply Lemma 6.30 with p = g and 6 = %
to get that for all s € [sg —log (1 — &), so —log(1 — 7)] and ¢ € Ny,

Cy

{412
sup ]V A’ < m,

YsNB /7 (e%(sfso)mo)
3

(6.84)

where C; = Cy(n,?,Cy) = Cy(n,l, \g). In particular, by selecting s = sy — log(1 — 7) for each
sp € [T—1,T+1], we allow s to take every value in the interval [T'—1—log(1—7), T+1—log(1—7)].
By (6.84) we get for each such s that

Cy

0412 _ 0412
sup [VEA]© = sup |VEA| §T€+1.

N (em2100-)gy) Z.nB gz (e300,

. 1 los(1— . .
Since e~z 198(1-7) — \/11_—7, this proves the proposition. O
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The second element in the proof of the extension step is a uniform stability lemma. For MCEF, this
is stated as follows:

Lemma 6.33 (5.39). Given n, ¢, K and &, there exist ,0 > 0 such that if R > +/2n and M, is an
MCF with

(1) M_yis (6, R+ 2,0%%)-close to a cylinder I' € Cy;
@) [[Alles(Bryynng) < K forte[-1-§ -1+¢],
then for each t € [-1 —0,—1+ 0], M; is (e, R, C*“)-close to \/—tT.

See [CM15] for the proof. What we need is a variant of this lemma for RMCF. Since this is not a
direct rescaling of Lemma 6.33 and we could not locate a proof, we will give one here.

Lemma 6.34. Given n, K, (, there exists n > 0 such that if Ry > +/2n and X, is a RMCF with
(1) X, is (n, Ry + 2,C%*%)-close to a cylinder T' € Cy;
2) HA"CS(BR2+2QZS) < K()fOI‘ s € [30 - Cy S0 + C]:

then for sufficiently small p > 0, there exists = u(p) so that s+, is (o, (1 4 ) Rz, C**)-close to
I.

Proof. The flow M; = /—t3,, t = —e® % defines an MCF with M_; = Y. By (1), M_; is
(n, Rz + 2,C?*%)-close to I'. Moreover, rescaling (2) gives £ = £(¢) such that 1Al s (B, ornm) <
2Ky fort € [-1 — &, —1 + £] (the factor of 2 enters because the curvatures will be rescaled too
in a temporal neighbourhood of ¢ = —1). Feeding into Lemma 6.33 the parameters R = R,
e =¢0/2, K = 2K, and &, we get 6,0 > 0 such that if M_; is (6, Re + 2, C*%)-close to T, then
the conclusion of that lemma holds with the supplied parameters. So let n = §, and we have that

* Foreacht e [-1—6,—1+6], Myis (£, Ry, C**)-close to /—tT.

Since M; = \/—tX, rescaling everything by a spatial factor of \/—t gives us that

* Foreacht € [-1—0,—-1+40], ¥, = X is (2\5/%, Rjt,CZa)—close tol.

Ift e (-1, —i), then \/%7 =14 p < 2 for some p = p(t) = p(s) > 0. Thus the above statement
gives that in particular,

* Foreacht € (—1,min{—1+6,—31}), Sy is (0, (1 + p) Rz, C*>*)-close to I".

Since s is increasing in t and s(—1) = so, we can replace ¢ € (—1, min{—1+ ¢, —1}) in the above
statement with s € (sp, so + p), where p > 0 is the value of s when ¢ = min{—1+ 6, —i}. This
proves the lemma. 0

The third ingredient for the extension step is a mean value inequality for the F-functional, whose
proof is a plain computation and we omit. We only remark that a bound on |A| suffices rather
than bounds on higher derivatives (as the original paper suggests). This is evident from the proof,
specifically equation (5.37) in the paper.

Lemma 6.35 (5.32). Given n and C4, there is a constant C' so that if ¥, is an RMCF for s € [sq, s3],
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B e (0,225%), and |A| < Cyon Byy1 N X forall s € [sy, s3], then

2
86[31132(782} qu”L?(By-ﬁZs) < (C + 1/ﬁ)(]:(281) - ]:(282))'

We will now prove Theorem 6.28 using the three ingredients on hand. To execute this properly,
we must carefully play off the constants provided in each part against one another and ensure
no circular dependencies arise.

Proof of Theorem 6.28. Let 0 > 2 and § > 0 be given by Proposition 6.32, depending on n and
Xo- As § can be taken small, we assume § < (1 — e~1/4) for later convenience. Observe that
if 2o € Br» and 7 € (0,1), then B, ,(z0) C Bg. Then since X7, is (eg, R, C**)-close to
I'r11 € Cx, we can find 7 € (0, 1) so that for all zy € Br_,

0

sip AP < 2.
Z

Er41NB, = (z0)

As the left-hand quantity is controlled using only £ (and perhaps n, Ag), this means 7 is indepen-
dent of R and x,. Moreover, since any cylinder in Cj, has |A|?> = %, we must have 7 < 2§. We can
also shrink £ (depending on n) so that the left-hand quantity is bounded by 1, in turn implying
7 > 6. By Proposition 6.32, there exist {Cy}scn, depending on n and ¢ so that

C

sup |VeA]? < o

ESQB@(&IO)

(6.85)

foralls € [T —1—1log(l —7),T+1—1log(l —7)] and zy € Br_,. The fact that (6.85) holds
for all o € Bgr_, means that these curvature bounds hold on a ball B r—» N X, for each s. As

Vit

R > Ry, setting R, sufficiently large (depending on 7 and o) will give that =2 > (1 + xR for

1—7

some 4 > 0, so the curvature bounds hold on a multiplicatively larger ball. The fact that 7 does
not depend on R is important here. In summary, (6.85) gives

~ 1/2
C
Y 4

ZSﬂB<1+u)R

forall s € [T—1—log(1—7),T+1—log(1—7)], where the last equality defines Cy. As § < 7 < 26 <
1 — e~ /4, this time interval includes [T — 2, 7'+ 1 —log(1 — 6)], hence [T — 3, T + 1] in particular.
Therefore, to prove claim (i) of the theorem, it remains to show that X is (¢, (1+p) R, C*%)-close
to a cylinder in Cy, for each s € [T — 3, T + 1]. We will do this now.

By (6.86), we have HA||C3(BRHZS) < Ky=Cy+C1+Co+Csforall s € [T — %, T+1—log(1—09)].
Let so € [T — %, T + 1] and apply Lemma 6.34 centred at ¥, with parameters Ry = R — 2, K,
and ¢ = —log(l —90) < %. The 7 given by that lemma depends on n, Ky and (, which in our
case all depend on n and Aq. Thus, as long as e < 7, the lemma gives p < % and p > 0 (both
independent of sq) such that ¥, is (g0, (14 u)(R — 2), C>*)-close to I';,. Trading for a smaller
11, we get (o, (14 p) R, C**)-closeness of 4,1, to I'y,. But sg € [T'— 2,7 + 1] was arbitrary and
p < %, S0 so + p can take any value between 7' — % and 7 + 1. The claim (i) follows.
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For (ii), shrink 4 slightly so that the bounds (6.86) actually hold on B, g1 N ¥s. Invoking
Lemma 6.35 with sy =T — 2, 59 =T+ 1,7 = (1+ p)R and 8 = 1, we get C > 0 such that

161 Z2(5,,, yprss) < CF (Er_s) = F(Er11)) < O(F(Er-1) = F(Er41))

forall s € [T — %, T + 1], where the last inequality is Lemma 3.24. This proves (ii). O

6.5.3 Proof of Theorem 6.26

We are prepared to use the extension and improvement steps from the last two subsections to
prove the scale comparison theorem. For ease of viewing, let us state the precise versions of the
extension and improvement steps that will be used.

Theorem 6.36 (Extension step). Given n and Ao, there exist e, R1,C,{Cy¢}sen, and p > 0 such
that the following holds. If ¥ flows by RMCF and \(3s) < Ao, and there exists R € [R1, R(X7)]
such that forall s € [T — 5, T + 1]:

(Ig): Xsis (eg, R,C%%)-close to a cylinder in C;, (depending on s),

then forall s € [T — 3, T +1]:

( ). (1+p)R <rgpc,(Xs) for each ¢ € Ny, and
(1+mR) =
" 1612250, a5y < CF(Er-1) = F(Sr41)).

The version of the improvement step we will use follows from applying Theorem 6.27 to each
timeslice of an RMCF, using R, = R(3r), and replacing K with a sequence of numbers {Cy}sen, -

Theorem 6.37 (Improvement step). Given n, Ao, eg, C, {Cr}ien, and 0 € (0, 1), there exists Ro
such that the following holds. If ¥ flows by RMCF and \(X5) < Ao, and there exists R € [Ra, R(X7)]
such that forall s € [T — 1, T + 1]:

(En) {R < r.00,(2s) for each £ € Ny, and
R): _
6172 (Bprz.) < C(F(Sr1) = F(Sr11)),

then forall s € [T — %, T +1]:

(Ia—oyr) :  Bsis (eg, (1 — )R, C**)-close to a cylinder in Cy.

Remark 6.38. With these abbreviations, Theorem 6.26 essentially says that

1
(Ig) forall s € [T — 2 T+ 1] implies (Eq+4mr(sy)) for s =T.

Proof of Theorem 6.26. Let e, Ry, nu, K and {C/}scn, be provided by the extension step, depend-
ing on n, \o. By the extension step, (E(j4,)r) holds for each s € [T' — %,T + 1]. Feeding
in n, Ao, ep, C, {Cr}leen, and 6 = p/2 into the improvement step, we obtain Ry such that if
(14 u)R > Ro, then (I(1_g)(14,)r) holds for each s € [T — 3.T +1]. Since R, does not depend
on R;, we may take R; large to make sure this holds.

Applying the extension step at scale (1—6)(1+u) R > R, we get that (E( 1 ,)2(1_g)r) holds for each
s € [T — 4, T + 1]. We may continue alternating between extension and improvement as long as
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we are beneath the shrinker scale R(3), so the final iteration of the improvement step gives that
(Ir(s,)) holds for each s € [T—%, T+1]. The point is that the constants e g, C, {Cy}sen,, i, R1, 0, Ra
do not change between iterations, because their dependencies all trace back to n and Ao which are
fixed. Nonetheless, at scale R(X1) we apply the extension step one last time to get (E(i4 ) r(sy))
for each s € [I'— 1, T + 1]. Choosing s = T gives the theorem. O

6.6 Proof of Theorem 6.1

The proof of uniqueness of cylindrical tangent flows is now in sight. To begin this home stretch,
we take the long-awaited step of turning the gradient Lojasiewicz inequality into the discrete
differential inequality (6.2).

Theorem 6.39 (6.1). Given n and \, there exist Ry, Ri,ep,C and § € (0,1) so that if ¥ is
an RMCF with \(Z,) < Ao, R(X1) > Ro, and X is (eg, Ry, C*%)-close to a cylinder for each
s € [T —3,T +1], then

146

(F(Xr) = F(Cr)) < C(F(Er-1) — F(Xr41)) 2
Proof. Let Ry and e, be those of Theorem 6.26. Then we get positive constants y, C and {Cy}sen,
depending on n and A such that
* 1+ p)R(ET) <reypc,(X7) for each ¢ € Ny, and
L] 2 O
”¢HL2(B(1+H)R<ET)02T) < CFr,
where we have written Fr = F(X7_1) — F(X741) to simplify notation.

Select i < w so that (1 + pu)R(X7) > (1 + p)R(X7) + 1. Apply Theorem 6.8 to X at scale
R=(1+p)R(Er)+1<r.c,(X7). This gives that for any 5 € [0,1) and ¢ > /,

notl +6 ) B2 (3+8)(R=1)2
F(Sr) — F(Ch)| gcm{w; s ot (B) Ty - } (6.87)

where C' = C(n, X, ¢,Cy) = C(n, Ao, L), p = p(n), and dy,, € (0,1) has lim_,o d¢,, = 1. This
holds as long as R > Ry(n, Ao, ¢), but we know this is true since R(X7) > Ry.

We will choose § and ¢ large to bound each term in (6.87) by a power greater than % of Fr.
Once we do this, the C' and R, above will depend only on n and A as claimed. For the last term
in (6.87), note that (R — 1)? > (1 + 1) R(X7)?, so

(3+8)(R—1)2 (34+8)(1+1) R(ET)? 3+8 140

e~ 16 <e” 8 2 :]:T4 2

where the equality is the definition of R(¥X7). Now choose 3’ € [0, 1) to make the exponent on

the right equal to ”‘5 for some 6 > 0. To mitigate the R” prefactor, choose 5 > /3’ so that
3+8)(R—1)2 +5 B—8")(R—1)2 145
oo OBV — ROF, —(B=F)R-1)” <CF?, (6.88)

for some C' = C(p) = C(n). Next, choose ¢ large so that

3+
/ — | >1
dé,n(2+2ﬁ>_ +(5,
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possibly choosing a smaller ¢. For the second term in (6.87), since R > R(Xr), we have

348 \ rR2 R(S7)2 145
efdl/m(m)f _ 148 REp)?

S € 2 2 = -FTQ . (689)

Finally, for the first term, since R < (1 4+ u)R(X7) we have

1496

||¢||Lz2'(n2+2ﬁ < {C']: } 3¢, (2+2B> < CF; 2 (6.90)

where C' = C(n, \g). Similarly to (6.88), we can pick ¢/ > ¢’ to absorb the R’ prefactor as
d¢n > dy . Thus, (6.89) and (6.90) become

3+8

Rpefde,n<2+2ﬁ> 4 < C']: ;6

1446

RP quHLz””ﬁ < CF;?

146

Combining these with (6.88), the right-hand side of (6.87) is bounded above by C' 7.2 . O

The following lemma captures the importance of the above theorem: it forces a certain finiteness
to the ‘length’ of an RMCF. We will skip the proof, which is elementary but inevitably cumbersome.

Lemma 6.40 (6.9). If f : [0,00) — [0,00) is a nonincreasing function, and there exist 6 € (3,1)
and C > 0 so that for all sufficiently large t we have

F) SO(f(t=1) = fFt+1))°,

then

ST - G +1)2 < .

7j=1

The last lemma we need shows that the C%“-closeness criterion of Theorem 6.39 holds for all
large enough times in an RMCF, so that Lemma 6.40 becomes applicable.

Lemma 6.41. Let 3, be an RMCF with a tangent flow in Ci. Given e, R > 0, there exists T < oo so
that

* Forallt > T, there is a cylinder Ty € Cy, such that ¥, is (¢, R,C*%)-close to Ty for each
seft—1,t+1]

Proof. If not, then there is a sequence of times t; — oo such that
(¥) For each i, there is no cylinder in Cj, which ¥, is (¢, R, C%%)-close to for all s € [t; —1,#; +1].

By the compactness theorem for rescaled Brakke flows, a subsequence of the RMCFs (1) = {Zs:
s € [ti — 1,t; + 1]} converges to a rescaled Brakke flow I'. By Theorem 6.3 and Theorem 4.1, T
must be the rescaled Brakke flow of a unit multiplicity smooth cylinder in Cy, which is simply
a stationary RMCF (Lemma 3.21). By Brakke’s regularity theorem [Bra78], the convergence
>(® — T is smooth on compact subsets of R"*! x R. This contradicts (). O
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Proof of Theorem 6.1: uniqueness of cylindrical tangent flows. Let ¥, be an RMCF of compact, em-
bedded hypersurfaces in R"*!, and suppose X, has a tangent flow in Cj. Let Theorem 6.39
provide ep, Ry and R;. By Lemma 6.41, there exists 7' < oo so that

e Forall t > T, there is a cylinder I'; € C, such that X is (g, Ry, C>%)-close to T'; for each
seft—1,t+1].

Note that lim; ,, R(X;) = oo by the monotonicity of 7 (Lemma 3.24) and the definition of
R(%;). Thus, we may assume R(3;) > Ry for all ¢ > T. Applying Theorem 6.39 then Lemma
6.40 yields

NI

D (F(E)) = F(Zi41))

Jj=1

oo
< 0.

Using this, the Cauchy-Schwarz inequality H(bH%l(ES) < (4m)2 F(2s) H(bH%Q(ES), and the mono-
tonicity of F, we compute

[e's) 0 741 n
/1 16l ds < 3 / (4m)F VF () 61l 2(s, ds
j=173
< (47f)%\/}"(21)2(}"(2j) — F(2j41))

Jj=1

[SIE
A
8

From this and Lemma B.5, it follows that the total area swept out by the RMCF within Bg,,
= 2

weighted by e_%, is finite. Namely, one applies Lemma B.5 to the time intervals [T"— 1,7 + 1],

[T+ 1,T + 3], and so on (laying this out in full would unfortunately require excessive notation).

But Theorem 6.3 says that Br, N¥s subconverges smoothly to a cylinder along every sequence of

times, so the only way to sweep out a finite area is for Br, N X, to converge to a unique cylinder

as s — oo. Repeating this at all scales R > R; gives the uniqueness. O



Chapter 7

Recent Progress and Research
Directions

In this chapter, we outline some developments which stem from, or are closely related to, the
results presented in this thesis. However, we begin with a retrospective note explaining why we
have already proved uniqueness of tangent flows not only for mean convex MCFs, but for ‘most’
MCFs.

7.1 Generic mean curvature flow

Recall from §4.1 that a shrinker with nonpositive definite stability operator L locally minimises
the F-functional among nearby hypersurfaces. In [CM12], Colding and Minicozzi used this to
arrive at the following insight. Since RMCF is the negative gradient flow of F, shrinkers that
are stable in this sense are tangent flows that cannot be perturbed away by varying the initial
conditions, and therefore represent singularities of a generic MCF. Hence, if we understand the
stable shrinkers, then we understand the singularities of ‘most’ MCFs.

In practice, one uses a slightly different notion of stability called entropy-stability to quotient out
by invariances of MCF under symmetries like translation, rotations and parabolic dilations. An
entropy-stable shrinker is one that locally minimises the entropy functional defined in (6.1). The
main result of [CM12] is a classification of entropy-stable shrinkers. Theorem 4.1 is a key step in
achieving this, and the final classification is in fact the same:

Theorem 7.1 ([CM12]). Every smooth, embedded, entropy-stable shrinker in R"*! with polynomial
volume growth is Sf/ﬁ x R"7¥ for some k € {0,...,n}.

This shows that a generic MCF can only have the simplest shrinkers as its tangent flows, whereas
the exotic shrinkers, whilst abundant in numbers, only arise as tangent flows in very special cases.
Better still, since we now know that all tangent flows of the type Sf/ﬁ x R"* are unique, we
conclude with the following.

Corollary 7.2. Uniqueness of tangent flows holds for all generic mean curvature flows.
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7.2 More uniqueness of tangent flows

7.2.1 Uniqueness of asymptotically conical tangent flows

Even though Sf/ﬁ x R™* are the only generic singularities, other singularities are still worth
studying. Perhaps the next most important class of shrinkers are the asymptotically conical ones.
Wang [Wan16] showed that all embedded noncompact shrinkers in R? are asymptotically cylindri-
cal or conical. Moreover, asymptotically conical shrinkers in R? have been explicitly constructed
[Ngul4,KKM18]. It turns out, as recently proved by Chodosh and Schulze [CS21], that these are
also unique (in all dimensions):

Theorem 7.3 ([CS21]). If a unit multiplicity, asymptotically conical shrinker in R"*! arises as a
tangent flow of a compact, embedded MCF, then it is the unique tangent flow at that point.

Despite the noncompactness, this is proved by a Lojasiewicz-type inequality which, like Theorem
5.3, comes from reducing to the finite-dimensional case. It follows from this, [Wan16], and the
classification and uniqueness of generic singularities that for a compact embedded MCF in R3,
all unit multiplicity tangent flows are unique.

7.2.2 Uniqueness in high codimension mean curvature flow

High codimension MCF is the MCF of n-dimensional submanifolds of R"** L > 2. This is defined
also by (3.1) but the right-hand side is replaced by the mean curvature vector —H. The main
difficulty is the nontriviality of the normal bundle, which makes the second fundamental form
(now vector-valued) very intricate with a complicated evolution equation. This causes properties
like the avoidance principle and preservation of embeddedness to fail in high codimension.
However, the blowup procedure and the notion of a tangent flow manage to survive. See, e.g.
[Bak] for an introduction to high codimension MCF.

We can therefore study uniqueness of tangent flows in high codimension. To this end, Andrews
and Baker [AB10] showed that under suitably pinched curvature conditions, all tangent flows are
spheres and are therefore unique (this is similar to Huisken’s classic result [Hui84]). Uniqueness
of compact tangent flows also holds true in high codimension, and is (quite remarkably) proved by
reproducing §5 almost verbatim. Colding and Minicozzi also generalised uniqueness of cylindrical
tangent flows to high codimension [CM19b], but there were additional complications that needed
entirely new arguments to surmount.’

It would be interesting to extend the notion of generic MCF to high codimension. This would
create a meaningful intermediate goal to prove uniqueness of tangent flows for generic MCFs in
high codimension, just as what was done in codimension one. To our knowledge, the closest to a
genericity result in high codimension is that of Andrews, Li and Wei [ALW14]. They showed that
the entropy-stable shrinkers in high codimension are also spheres, cylinders and planes, but only
under an artificial ‘parallel principal normal’ condition.

'In unit codimension, Lemma 6.18 depends on the relations (2.2) which are specific to hypersurfaces.
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7.2.3 More Lojasiewicz inequalities

The quantity 7 = % played a prominent role in the proof of the Lojasiewicz inequalities in §6.
However, the techniques used there are hard to generalise to shrinkers where H possibly vanishes,
as 7 would not be globally defined. This motivates the development of more widely applicable
methods to prove Lojasiewicz inequalities for shrinkers. We are aware of the recent work of Zhu
[Zhu20,Zhu21] and Sun-Zhu [SZ20] where Lojasiewicz inequalities were proved, respectively,
for generalised cylindrical shrinkers (including immersed ones) and product shrinkers of the

form Sf"/l% X Sf;%. The approach use(d ir>1 these papers is a perturbative method based on Taylor

expansion of the quantity ¢ = —H + -=~*, which in principle could be done for any shrinker. In
[Zhu20], this led to an alternative proof of Theorem 6.1.

7.3 Applications — understanding the singular set

7.3.1 Structure and regularity of the singular set

We have seen that different solutions to MCF can have considerably dissimilar singular sets, e.g.
Figure 1.1. It seems imaginable that singular sets of MCFs can be as wild as we like, in terms
of dimension and regularity. However, Colding and Minicozzi proved that for generic MCFs (i.e.
where every tangent flow is S\k/ﬁ x R"~*), the singular set must be well-behaved:

Theorem 7.4 ([CM16a]). For a compact embedded generic MCF in R"*!, the singular set S is
contained in finitely many compact embedded C' submanifolds each of dimension (n — 1) together
with a set of dimension at most (n — 2).

We will not go into how this is proved other than mentioning that it uses the uniqueness result
of Corollary 7.2. This is quite surprising since uniqueness of tangent flows is a statement about
one singular point, whereas Theorem 7.4 is a claim about S globally.? The exact statement in
[CM16a] is even stronger than this; it very precisely describes the structure of S.

Theorem 7.4 has a striking corollary. To understand this, we need to mention that Brakke flow
has a built-in capability to flow past singularities. In Brakke flow, a smooth hypersurface remains
smooth till the first singular time (it coincides with MCF), but afterwards there are usually in-
tractable changes in topology and regularity. However, things are controllable in low dimensions:

Corollary 7.5 ([CM16a]). For a generic MCF in R? or R* (where the Brakke flow is used to flow
past singularities), almost every timeslice is a smooth hypersurface, and any connected subset of the
space-time singular set is completely contained in a timeslice.

Aside from Brakke flow, there are other weak formulations of MCF that admit a mechanism
of flowing past singularities. Some of these include the level-set flow, the viscosity approach
and the shadow flow; see [ACGL20, §6.9] for a discussion as well as the references therein. A
contentious issue is deciding which formulation is the best; we would prefer one with a high
degree of regularity and generality, and perhaps one that is in a way canonically associated to
smooth MCF. Results like Theorem 7.4 and Corollary 7.5 could be used to settle this debate, or at

2Between these extremes lies the result of [CIM15], which says that in a neighbourhood of a point where there is
a cylindrical tangent flow, all blowups are cylindrical. Theorem 6.3 is a special case of this.
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least provide a case for using certain weak formulations over others. It turns out that uniqueness
of tangent flows also has regularity implications for the level-set flow [CM16b, CM18].

7.3.2 Mean curvature flow with surgery

Under MCF with surgery, a hypersurface evolves by MCF until a singularity is imminent. One
then stops the flow, performs surgery on the hypersurface to avert the singularity (see Figure
7.1), then continues the flow. This is repeated until the hypersurface is in a desired form, typically
a union of (S™)’s and (S"~! x S!)’s. The motivation for this comes from the Ricci flow, where
surgery procedures were vital to Perelman’s proof of the Poincaré and geometrisation conjectures.

Figure 7.1: Performing surgery on the hypersurface to remove a region where a
singularity would otherwise develop under MCF. Adapted from [ACGL20].

MCF with surgery is a highly ambitious task which has only succeeded in a few cases so far,
most notably for 2-convex hypersurfaces in R"*! (with n > 3) [HS09] and for mean convex
hypersurfaces in R? [BH16,HK17]. See also [Ngu20] for some progress in high codimension. A
major difficulty is understanding what the singular set looks like so that we know exactly where
surgery needs to be done; results like Theorem 7.4 and Corollary 7.5 could be valuable here. In
addition, uniqueness of tangent flows tells us that singularities in MCF (morally) form at the rate
of magnification, i.e. the RMCF rescaling rate. This could play a role in deciding on the correct
time to pause the flow and undertake the surgery.



Appendix A

The Euler-Lagrange Functional and its
Linearisation

In this appendix, (M, g) is a compact Riemannian n-manifold with Levi-Civita connection V. We
first derive expressions for the Euler-Lagrange functional of an integral map C'*(M) — R and its
linearisation. We then prove some estimates that are used in the main text.

A.1 Existence and uniqueness of the Euler-Lagrange functional

Consider a functional £ : C1(M) — R of the form

E(u) = /M E(p, u(p), Vu(p)),

where E = E(p, q, z) is a smooth function of p € M, ¢ € R and z € T,M, and the integration
takes place with respect to the Riemannian measure p associated to (M, g).

Recall that the Euler-Lagrange functional M : C?(M) — C°(M) is defined by requiring

d
— (Mu,v)2 = T _08(u+ sv), Yu,v € C*(M).

Let us compute this explicitly in local coordinates. Choosing an orthonormal tangent frame
{0;}_, around a point p, any u € C%(M) is locally written Vu = (V;u)d;. Write

E(p,u(p), Vu(p)) = E(p,u(p), Viu(p), ..., Vau(p)),

where E is smooth. Subsequently we abbreviate (Vyu(p), ..., V,u(p)) as Vi, and suppress p-
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dependences. Subscripts on functions denote partial derivatives. Then

d d
Is s:og(u + sv) = /M s

:/ vK(p,u, Vu) + (V{ﬁ)Ezi(p, u, V)
M

OE(p7 u+ sv, Vu + sVv)
s—

= /M {i (Vi(vﬁzi (p,u, Vu)) — vViE’Zi (p,u, Vﬂ)) + UE'q(p, u, Vﬂ)}

=1

= /M v {— En: (E'Zl (p,u, V) + ViE,, (p, u, Vﬂ)) + Eq(pa u, VH)}

i=1
This shows that M(u) € C°(M) is given locally by

n

M@)(p) = Y (Ville, (0., Vi) + B, (p,u, Vi) ) = Ey(p,u, Vi)
=1
— Z Ezizj (p,u, Vu)V;Vju+ f(p,u, Vu),
ij=1

(A.1)

where f(p, ¢, z) is a smooth real-valued function. Note that this is quasilinear: only the depen-
dence on second-order partial derivatives of u is necessarily linear. The linearisation of M at u is
a linear map L, : C%(M) — C°(M) defined by

_ad
~ ds

L,w

Mt sw) = > E.p.y(pou, Vi) ViVw + R, (A.2)
= ij=1

where R has linear dependence on w, Vw. In (2.12), we showed that L,, is symmetric. Now if
we impose that for some C' > 0
2
ds?
then we can check that L = L is uniformly elliptic. Indeed, let ¢ = &' € T, M, where {el}n,
is the dual coframe of {0;}" ;. Then from (A.2) we have

OE(p,O, sz) > C|z|%, Vz € T,M,

s=

2 2

E(p’o’sglv"wsfn):@ s

—~ = d
Z EZiZj (p7 07 O)é.lfj =

el _ B.0,5€) > CleP,
i,j=1

which is the definition of uniform ellipticity.

A.2 Some estimates

In this section, we allow M : C?(M) — C°(M) to be any map which is locally of the form

M(u)(p) = @ (p,u(p), Vu(p))ui;(p) + f(p,u(p), Vu(p)),

where @9 and f are smooth functions of (p,gq,z) where p € M, ¢ € R and z € T,M, and
u;; means V;V u. In particular, this is the form of M in the previous section (see (A.1)). The
linearisation of M at u is

d

Ly = |  M(utsv) = uy (®Fv + @Y va) + ©7vi; + fqv + fouvs, (A.3)
S=
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where f, ® and its derivatives are evaluated at (p, u(p), Vu(p)).

For the next lemma, we omit the proof which is a simple calculation using the fundamental
theorem of calculus and the chain rule.

Lemma A.1 ([CM19a]). If f is a C' function of (p, q, z), and u,v € C*(M), then
|f(p, u(p), Vu(p)) — f(p,v(p), Vu(p))| < Cr(lulp) — v(p)| + [Vulp) — Vu(p)|),
where C'y = C¢(p) = sup{|fy| + [fya| | lal + |2] < ullor + 0]l }-

Proposition A.2 ([CM15]). The linearisation L, deviates at most quadratically from M in the
sense that at each point p € M, we have for all u,v € C?(M) that

M(u+v) — M(u) = Lyv + R(u,v,p),
where the remainder term R(u, v, p) satisfies (at p € M)
|R| < Ci(fol + |Vo])? + Co([v] + Vo] )[ V20,
Cr = |87 | + 9%, | + Copus,
Cy = |uCyy + uij|Cys +Cp, +Cr., -

Here the suprema defining the C' terms are taken over |q| + |z| < 2 |Jul|o1 + [|[v]/ o1

Proof. Using (A.3) and Lemma A.1 we compute (at p)
| Ly — Lyv| = |(us + wij) (@zj(p, u—+w, Vu + Vw)v + 7 (p,u+w, Vu+ Vw)v,)
- uij(q)f]] (p,u, Vu)v + @;ﬂa (p, u, Vu)vy,)
+ @Y (p,u + w, Vu + Vw)vi; — 2 (p,u, Vu)v;;
+ fy(p,u+w, Vu+ Vw)v — fu(p,u, Vu)v
+ fop (D u 4w, Vu + Vw)vg — fo, (p, u, Vu)ug|
< Juis|C iy (Jo] + [V wl)[o] + usj[Cis (] + Vel val (A.4)
+ Jwig |87 [[v] + |wis ||, |[val + Copis (Jwl] + [Vaw])vy]
+Cy, (lwl + [Vwl) vl + Cf., (lw] + [Vw]) |vg]
< {leF ]+ 122 |} (Jo] + Vo)) V?w| + Cois (Jw] + [ Vw])| V20l
+ {u[Coy + i Cysy +Tp, + T, (1wl + [Vl (o] + Vo),
where the suprema defining the C terms are taken over |q| + |z| < 2|ul|o1 + [|w||o1 over the
point p. Using the fundamental theorem of calculus, we have (again at p) that

1 1
M(u+v) — M(u) = / <5t’t—oM(u + tv)) dt = / Lytwvdt = Lyv+ R, (A.5)
0 = 0

where R = fol(Lquw — L,v)dt. Using (A.4) we bound |R| by

’R‘ S sup ’Lu-‘rtvv - Lu”’
tel0,1]

< {|®7|+ |9 | + Caus } (Jo] + [ Vo) V2]
+ {luislCys + [us[Coiy +Cs, + T, | (0l + V02,

which is the proposition. O
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In the main text, we use the following variation of the above result:

Proposition A.3. Suppose |[u|/q2, ||v]|o2 < 1, and let L = Lg. Then
Mu — Mo = L(u —v) + a" (u — v);; + b*(u — v)q + c(u — v),
where ¥/, b and c are functions of p € M with
S}})(Iaijl + 6%+ [el) < Clllull g2 + vl c2),
and C depends only on n and the form of M.

Proof. From (A.5), we have at each point p € M that

Mu— Mv = Ly(u—v)+ R=L(u—v)+ (Ly(u—v) — L(u—v)) + R. (A.6)
We will bound L,(u — v) — L(u — v) and R. From Proposition A.2, we already know that

IR < Ci(ju =] + [V (u—0))? + Colju — v| + [V (u = 0)[)|[V*(u = v)]|.
By inspecting the forms of C, C3, we have C + Cy < C(1 + ||v]|2) < C, as ||v||c2 < 1. Thus

Rl < C(lu— v + [V (u—)[)(Ju— v +[V(u— )] + [V (u—wv)|)

) (A.7)
< C([Juller + [[vllgn)(Ju = o[ + [V(w = )| + [V(u —v)]).
On the other hand, using (A.4) we have

|Lo(u = v) = L{u = )| < C(lu — v + |V (u—0))|V0| + C(|v] + [Vo])[V?(u — v)|
+ C (o] + [Vul)(Ju = v + [V (u = 0)]) (A.8)
< Clllge (lu = vl + [V (w = v)| + [V (u — v)]).

By (A.7) and (A.8) we see that we can write
Ly(u—v) — Lu—v) + R =a" (u —v);; + (v — v)q + c(u — v),
where a¥, b® and ¢ are functions of p € M with

S]1\1413(|a”| + 0%+ Jel) < Cllulle + [lvllz)-

Together with (A.6), this gives the proposition. O



Appendix B

Graphs Over Hypersurfaces

This appendix gathers some calculations for hypersurfaces written as normal graphs over an em-
bedded hypersurface ¥ ¢ R"*!. We follow Appendix A of [CM15] and Appendix A of [CM19a],
although some of our calculations do not appear there (but are needed in the main text).

Let ¥ have normal injectivity radius 6. Then every smooth function u : ¥ — R with |Jul[,0 <6
gives rise to a hypersurface 3,, = graphy.(u). We use = and y to denote generic points on ¥ and
¥, respectively. Their correspondence is given by y = = + u(z)n(z) where n is the normal to X.

B.1 Key graphical quantities

For z € %, let n,(x) be the unit normal to ¥, at y = = + u(x)n(x), that is n,(x) = n*(y). The
following is Lemma A.3 and Corollary A.30 of [CM15], and expresses the following functions on
Y in terms of w.

* The mean curvature H,(z) on 3, at z + u(z)n(z), that is H,(z) = H>(y);

* The relative volume element v, (x) defined by requiring that fzu fy) = [ f(y)vu(z) for
all test functions [ : ¥, — R;
* The support function n,(x) = (y, n,(z));

* The speed function w,(z) = (n(z), n,(z)) "

Lemma B.1. There are functions w, v and n of (z, q, z) € ¥ x R x T,,¥ which are smooth for |q| < &
such that

wy(z) = w(z,u(x), Vu(x)), v (x)=v(z,u(z), Vu(z)), nu(z)=n(z, u(x), Vu(x)).

Writing B(x,q) = Id — qA(x) where A is the matrix of the second fundamental form for X at x,
these functions are given by

w(z, q,2) = 1+ |B(z,q) "1 (2)]%,
v(z,q,z) =w(x,q,z)det B(z,q),

(z.0(2)) + ¢~ (2, Bx,q)"'(2))
w(z,q, 2) '

n(z,q,z) =

92
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Secondly, the following table gathers some basic values and derivatives of these functions.

Function | Value at (x,0,0) Oq at (x,0,0) 0., at (z,0,0)
w 1 0 0
v 1 H(zx) 0
n <.%', Il(l')> 1 —Tj
aziV 0 0 (51']'
v H(x) H?(z) — |AP () 0

Finally, the function H,, is given by
Hy(z) = % {Bgv — 02,020 — (9,0:)Viu(x) — (02,0., )V, Vju(@)}

where w, v and their derivatives are evaluated at (x,u(x), Vu(z)).

B.2 The Euler-Lagrange functional of Fy,
Recall from §4.1 that Fyx, : C1(X) N Bs(0) — R is given by

2 Tr+u(x)n(x 2
Fa(u) = (4r)~% / e~ = (4m)7E / e~ S (1), (B.1)
u b
where the second equality is the definition of v,,. The small C' norm ensures that v, =~ 1 is
bounded and so by (B.1), Fx(u) is close to Fx(0). We will compute the Euler-Lagrange functional
of Fx, with respect to the Riemannian and Gaussian measures on Y. Denote these by My and
M respectively. Both are operators from C?(X) N Bs(0) to C°(X), defined by requiring that

—/Esz(u) = %

n |z|2

:Ofg(u—l—sv) =—(4m)" 2 /Eng(u)e4.

S

Proposition B.2. Explicit formulae for My, and MY, are given by

Ms(u) = —(4m) 3 (Hu x4+ u(ﬂ:)Qn(x)7nu>) (n, ) e,w7 (B.2)
1 _u2+2u<z,n>
M (u) = — <Hu - 217u> (det B(z,u))e 1 (B.3)

Proof. Let u,v € C?(X) N Bs(0). First note that by a geometric argument,

d d
T Szofg(u + sv) = T

70]—"& (s <v*n*, nE”>),
where v, : ¥, — R is given by v.(y) = v(z), similarly for n,, and n** is the normal to %,,.
Repeating the computation (4.3) then pulling back from ¥, to ¥, we get

Eu
(HE" - 7<y,n >> Uy <n*,n2“> e_yT‘Q

4 Fx(u+ sv) = (4%)_3/ 5

ds 1s=0 5

— ) [ (o) - EEHERERD) o) o e o)
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which gives (B.2). Note that Lemma B.1 gives (n,n,) v, = 2 = det B(z,u). Also, |z+u(z)n(z)? =

Wy

|z|? + u? + 2u (z,n) and (x + u(z)n(x),n,) = n, by definition. Using these in (B.4), we have
d _n 1 _wltruen) o2
—|  Fu(u+sv) = (4m) 2 / H,(x) — =nu(z) | v(z)(det B(x,u))e T e 4
dsls=0 » 2

from which (B.3) follows. O]

Proof of Proposition 4.5. The L?(v) Euler-Lagrange functional from the statement of the propo-
sition refers to M5, defined above. By Proposition B.2, we have

_ 52u2+25u<x,n>

d L (Hw - ;nw> (det B(x,eu))e” 4 . (B.5)

» d
€ | MElEw) = =5

Since 79(z) = (x,n) (see the table in Lemma B.1) and ¥ is a shrinker by assumption, we have
Hy — %770 = 0. So the only nonzero term in (B.5) is the term where we differentiate H., — %nw.
By the evolution equations for H and n in Lemma 3.12 (with f = u there), we compute

d o d 1
| e = e on | (- o)
d 1
—2 <H5u -5 (x + eun, n£u>) B.6)
=— (—Au — |APPu — % (un,n) + % (x, Vu))
= Lu.

That is, L is the linearisation of MY, at zero, which is the first claim of the proposition. For the
second claim, let 1) € C?(X). Then (B.3) and (B.6) together give

d? _nd y =2 _n =
Gl Feen =m i | [ emgene = am i [ vree
This completes the proof. O

B.3 Graphical solutions of rescaled mean curvature flow

Let u : ¥ X [s1,s2] — R be a one-parameter family of smooth functions on ¥. Assume that
lu(-,s)|[|co < 6 for each s € [s1,s2], so that ¥y = graphy,(u(-, s)) is a smooth hypersurface for
each s. We will write u(s) to mean u(-,s). The next lemma gives an evolution equation for u
when Y, evolves by the rescaled mean curvature flow (RMCF, see Definition 3.20). By Lemma
3.21, this means that the variation field X on X, has

1
<X3, n25> = —H> + 3 <y, n25> ) (B.7)

Proposition B.3. The hypersurfaces .3 = graphy,(u(s)) evolve by RMCF if and only if

ou 1
%(l‘a 5) = Wy(s) (IL‘) <27]u(s) (:E) - Hu(s)(z)) .

This is a quasilinear parabolic equation when u(s) has sufficiently small C' norm for each s.



B.3. Graphical solutions of rescaled mean curvature flow 95

Proof. At time s, the variation field and unit normal for ¥, are g—;‘n and n,,) respectively. Thus,

1 0u ou ou 1
— . = <na nu(s)> % = <68n, nu(s)> = _Hu(s) + 5 <l‘ + u(w, S)H(IE), nu(s)> B.8)

1
= _Hu(s) + 5%(3),

where the third equality is (B.7). Multiplying by w gives the claimed formula. To see that this is
quasilinear parabolic, use the formula for H, in Lemma B.1 to write

ou 1 w
g(x, 5) = Wy(s) (2%(5) - {0 — 0,0.,v — (840:,v)Viu(z, s) — (0:,0.,v)ViVju(z, s)}>

2
= %(82182ju)vivju(x, s) + (terms in x, u, Vu).

Here w, v and 0.,0,,v are all evaluated at (v, u(x, s), Vu(z, s)). Let the right-hand side be Lu.
Then L is evidently quasilinear. Since v is smooth, the leading coefficients a* = “’;(@iﬁzj v) of
L are symmetric in 4 and j. When u = 0, the table in Lemma B.1 gives a¥/ = dij, so if u has small
enough C' norm then the matrix (a”/) remains positive definite by the smoothness of w, v and
0.,0,v. Therefore, L is uniformly elliptic provided that |u||-: < o say. It follows that 8—1; = Luis
quasilinear parabolic, which is the second claim of the proposition. O

Corollary B.4. Let u be a graphical solution to RMCF in the above sense. Given o > 0 sufficiently
small, there exists a positive constant C' = C(n, og) such that if ||u(s)| -1 < oo, then

ou ou
(Gommr)| 2[5
Proof. From (B.8), we know that
dul N[ 1 fou
gs ) 1T lw| |0s |’

where w is evaluated at (x, u(x, s), Vu(z, s)). Since w is smooth and is equal to one when u = 0,
taking oq sufficiently small means that the bound |ju| -1 < o¢ ensures |w| < C say, where C
depends on o( and the form of w, hence on n, og. The corollary follows. O

Lastly, we need a bound for the area swept out by an almost cylindrical RMCF when it is graphical
over a fixed cylinder. Here Cy, is the set of all rotations in R™*! of the cylinder S’f/ﬂ x Rk,

Lemma B.5. Given oy > 0 sufficiently small, there exists C' = C(n,o¢) so that if ¥ € C and
u(s) € CY(Br N X) is a graphical solution to RMCF for s € [s1, so] with ||u(s)||c1 < o, then

_l=? 2 _lyi?
lu(x, s2) —u(x,s1)|le” 4 <C e 4 |ds.
BrNX% S1 Zu(s)

Proof. Since ¥ is a shrinker by Theorem 4.1, for x € ¥ we have @ =H= \/g and so

(y,n)
2

- H

[yl = o+ u(@)n(@) = 22 + v + 2 (2,0) = o +u? +2V2ku.
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This together with Proposition B.3 gives (for s € [s1, s2])

_l=? 1
/ e 4 = / |wu(s)| ‘QUU(S) - Hu(s)
BrNX BrNX

By Lemma B.1, w, and v, are both one when u = 0, so the C* bound on u(s) yields positive
upper and lower bounds on w, ), v,(s) depending on n and oy. It follows that

2
[l <o
BrN%: BrN%
< C/

e /
271.(3)
It follows by Fubini’s theorem that

Bk

giving the lemma. 0

ou

_ \y\2+u2+2\/zku
1 1 .
Os

e

%nu(s) - Hu(s) €

y|?

4

_ yl?
Vye 4

5Mu(s) — u(s)

ym) H’ efy*‘z

4 .
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